1. lekumna: MaTtemaTnyeckoe MmoaenmposaHue. ®opMma U NpUHLUMNbI NpeacCTaB/IEHUA
MaTeMaTu4Yeckux moaenen

OBM npoYHO BOLIA B Hally XM3Hb, N NpaKTU4YeCKM HET Takon obnactm yenoBe4vyeckomn
OEATEeNbHOCTU, rae He npuMeHsanack 661 3BM. DBM cenyac WMPOKO UCMONb3YETCS B
npouecce co34aHusa U nccnefoBaHms HOBbIX MALLWH, HOBbIX TEXHOMOMMYECKNX NpoLeccos U
MOMCKe UX ONTMMalnbHbIX BAapUaHTOB; MPU peleHnn SKOHOMNUYECKNX 3a4a4d, Npu peLlleHnn
3a4a4 NJaHMpOBaHMA M ynpaBieHns Npon3BOACTBOM Ha pa3fiMYHbIX YpoBHAX. Co3aaHue xe
KPYMHbIX 06BEKTOB B PAaKETOTEXHMKE, aBMACTPOEHNU, CYAOCTPOEHNM, @ TaKXKe
MPOEKTUpPOBaHME NAOTUH, MOCTOB, 1 Ap. BoobLLe HEBO3MOXHO 6€3 NnpnMeHeHnss DBM.

Ans ncnonb3oBaHnsa 3BM npu pelieHnn npuknagHbiX 3agad, npexae Bcero npmknagHas
3apava foskHa bbiTb "nepesepeHa"” Ha opManbHbIM MaTEMATUYECKUI S3bIK, T.€. ANs
peanbHOro obbvekTa, Npouecca UM CUCTEMbI AOMKHA ObITb MOCTPOEHA ero MareMaTuyeckas
Mozaesib.

Cnoso "Mogenb" nponcxoguT oT natuHckoro modus (konus, obpas, ouepTaHume).
MogaenupoBaHue - 3T0 3aMelleHne HekoToporo obbekTa A apyrmMm obbekToMm B. 3aMellaembli
06beKkT A Ha3bIBaeTCs OpPUrMHANOM UM 06bEKTOM MogenmpoBaHus, a 3amMewarowmm b -
MoAenbto. [ipyrmmMmu cnoBamm, Mogenb - 3T0 06beKkT-3aMeHnTeNb obbekTa-opurnHana,
obecneynBaLWMn N3yyeHne HEKOTOPbIX CBOMCTB OpuUrMHana.

LleJ'IbIO MOAEeNNPOBaHNA ABNAKOTCA NOSTy4YeHUE, o6pa60TKa, npeacrtaBiaeHne U NCNosib3oBaHme
MHpopMaumnm o6 obbekTax, KOTopble B3aUMOAENCTBYIOT MeXay cobom n BHELWHEN cpeaon; a
MOAEeNb 34EeCb BbICTyNaeT Kak CPeacTBO MO3HAHWS CBOMCTB M 3aKOHOMEPHOCTM MOBEAEHMS
obbekTa.

MogaenupoBaHue LIMPOKO UCNOb3YETCHA B pasfiMUHbIX Cchepax YenoBevyeckom AesaTeNbHOCTH,
ocobeHHOo B cdhepax NPOEKTUPOBAHUSA U YNpaBeHus, rae 0CO6eHHbIMU SBAAIOTCSA NMpoLuecchl
NPpUHATUSA 3DDEKTUBHBLIX PELLEHUA HA OCHOBE NOy4YaeMon nHdopMaunm.

Moaenb Bcerga CTpoUTCA C OnpeaesieHHoNM Lefbio, KOTopas OKasblBaeT BAMSHUE Ha To,
KaKne CBOMCTBa OOBbEKTUBHOIO SABIEHUSA OKa3blBAKOTCS CylleCTBEHHbIMAN, a KaKne - HeT.
Mogenb npeacrtaBnsieT coboi Kak 6bl Npoekunio 06bEKTUBHOM peanbHOCTM NOA
onpefeneHHbIM yrioM 3peHus. NHorga, B 3aBUMCUMMOCTM OT Lefie, MOXHO MoNy4YnTb psig
NpoeKLUWNiA 06BEKTUBHOM peasibHOCTU, BCTYMALWMNX B MPOTUBOPEUYME. DTO XapaKTepPHO, Kak
npaBuo, AN C/IOXHbIX CUCTEM, Y KOTOPbIX Ka)xaas NpoeKkums BblAENAET CYLWECTBEHHOE AN
onpep,eneHHoﬁ uenn nm3 MHoXectBa HECYLLECTBEHHOIO.

Teopuen MogennMpoBaHns ABASETCA pasaen Hayku, nlydatowmm cnocobbl nccnensoBaHms
CBONCTB 06bEKTOB-OPUIrMHASIOB, HA OCHOBE 3aMeLleHUs UX ApYyruMmn obbekTamm-moaensamMun. B
OCHOBE TEOPUM MOAENNPOBAHUS NeXUT Teopus nogobus. MNMpun MmogennpoBaHnm abcontoTHoe
nogobme He UMeeT MecTa U NNLWb CTPEMUTCS K TOMY, YTOObl MOAeNb AOCTAaTOYHO XOPOLIO
oTobpaxana uccneayemyro CTopoHy yHKUMOHMpPOBaHMS obbekTa. AbcontoTHoe nogobue
MOXET MMEeTb MECTO JIMLLb NPU 3aMeHe 04HOro o6bekTa APYrMM TOYHO TakKUM Xe.

Bce moaenun MoxHo pa3nennTb Ha ABa Kiacca.

1. BelwecTBeHHblE,
2. wvaeanbHble.

B cBolo ouepenb BewecTBeHHbIE MOAE/IM MOXHO pa3fennuTb Ha:

1. HaTypHble,
2. dunsnyeckue,
3. MaTteMaTumyeckwue.



UpeasnbHble MOAE/IM MOXHO pasaenuTb Ha:

1. HarngagHble,
2. 3HaKoOBblg,
3. MaTeMaTuyeckue.

BellecTBeHHble HaTypHble MOAENN - 3TO pealibHble 06beKThI, npoueccbol n cuctembl, Hag
KOTOPbIMU BbIMOJTHAKTCA 3KCNEPUMEHTbLI Hay4HbIE, TEXHNYECKNE N NPOU3BOACTBEHHDbIE.

BelljeCTBEHHbIE (hU3nyeckme Mogesm - 3TO MakKeTbl, MyJisiXKu, BOoCnponseoasiune pusndyeckmne
CBOWCTBa OpUrMHanoB (KMHeMaTuyeckue, AMHaMUUYeCcKne, rmapaBianyeckume, TeNIoBble,
3/1eKTPUYECKMEe, CBETOBbIE MOAENN).

BelecTBeHHble MaTeMaTUYECKME - 3TO aHANOroBble, CTPYKTYPHblE, FreOMeTpuyeckme,
rpacdudeckne, uMbpoBbie N KUBEPHETUYECKNE MOAENN.

NaeanbHble HarnsaHble MOJEN - 3TO CXEMbl, KapTbl, YePTEXM, rpadumku, rpadsbl, aHanoru,
CTPYKTYPHbIE U TEOMETPUYECKNE MOLENN.

MaeanbHble 3HaKOBble MOAENN - 3TO CUMBOSbI, aJ'ICbaBVIT, A3bIKM MporpaMMmpoBaHng,
ynopaao4dyeHHasa 3anncb, Tonosiorm4yeckada 3annmcb, CETEBOE NpeACTaB/IEHNE.

NaoeanbHble maremaTuyeckme Mogesin - 3To aHaJIMTU4YeCcKune, dJYHKLl,VIOHaJ'IbeIe,
MMUTALIMOHHbDbIE, KOM6VIHVIDOBaHHbIe MoAenun.

B npuBeaeHHOM KnaccndukaumMm HEKOTOPbIE MOAENN UMEIOT ABOMHOE TOJIKOBaHWe
(HanpuMep - aHanorosble). Bce Mmoaenn, KpoMe HaTypHbIX, MOXHO 06beANHUTb B OAMH Kiacc
MbIC/IEHHbIX MOAEEN, T.K. OHU SABASAIOTCA NPOAYKTOM abCTpaKTHOro MblLWIEHUS YesioBeKa.

OcTaHOBMMCSA Ha OAHOM M3 Hambonee yHMUBepCalbHbIX BUAOB MOAENMPOBAHUS -
MaTeMaTU4yeckoM, CTaBsLWUM B COOTBETCTBME MoAennpyeMmomMy (hmn3nyeckomy npoleccy
CUCTEMY MaTeEMaTUYeCKMX COOTHOLUEHWUI, pelleHe KOTOPOl NO3BOoNSET MOSy4YUTb OTBET Ha
BOMpPOC 0 noBeAeHnn obbekTa 6e3 co3aaHnsa dusmyeckon Moaenn, HacTo OKa3blBAKOLLENCH
Aoporocrosuen n HeadPeKTUBHON.

MaTtemaTnyeckoe MogeinpoBaHue - 3TO CPeACTBO U3YUYeHUs peanbHOro ob6bekTa, npouecca
WM CUCTEMbI NYTEM UX 3aMeHbl MaTeMaTuyeCKou Mogesbto, bonee yaobHon ans
3KCNepuUMEeHTaNbHOro uccnefoBaHng ¢ noMoulbio BM.

MaTtemaTudyeckasi Mogesb ABNASETCA NPUBAMKEHHBIM NPeACTaBlEHNEM peasibHbIX 06bEKTOB,
NpOoLLECCOB UM CUCTEM, BbIPaXEHHbIM B MaTeMaTUYECKMX TEPMUHAX U COXPAHSIOLUM
CYLLeCTBEHHble YepTbl OpUrnHana. MaremaTuyeckue MoAenn B KONIMYECTBEHHOM dopMe, C
MOMOLLbIO JIOTMKO-MaTeMaTUUYECKUX KOHCTPYKLMI, ONUCBIBAlOT OCHOBHbIE CBOICTBa 06bekTa,
npoLecca Win CUCTeMbI, ero napameTpbl, BHyTPEHHNE U BHELLIHNE CBA3MW.

B obwem Ccnydyae mMmaremarndyeckas mofesib pealibHoOro obbekTa, npouecca nian cncrtemsbl
npeacrtaBndeTcda B BUAE CUCTEMbI C|JYHKL|,VIOHaJ'IOB

®: (X,Y,Z,t)=0,
rae x - BeKTOp BXOAHbIX NEPEeMEHHbIX, X=[x1, X2, X3, ... , Xul%,
Y - BEKTOP BbIXOAHbIX NE€PEMEHHbIX, Y=[v1, V2, V3, --. , yul©,

Z - BEKTOP BHEWHUX BO3AENUCTBUN, Z=[z1, 22,23, ... , 2Zult,



t - KOOpAWHATa BPEMEHH.

MocTpoeHne MatemMaTn4yeCcKor MogesM 3aKo4YaeTCs B onpeaeneHnm ceasen Mexay TeMu unm
WMHbIMW MpoLeccamMmun U IBNEHMUSIMKU, CO3A4aHMN MaTeMaTMUYECKOro annaparta, No3BOoJSoLWero
BbIPa3nTb KOJIMYECTBEHHO U Ka4yeCTBEHHO CBA3b MeXAy TEMU UKW UHbIMK MpoLeccamMmun u
SIBJIEHUSIMU, MEXAY MHTEpPEeCYWMMN cneymanmcta pusndyecknuMmm Bean4YnHamMmn, m
dakTopamMu, BANAIOWMMN HA KOHEYHbIN pe3ysbTarT.

O6bIYHO MX OKa3biBAETCS HACTO/IbKO MHOI0, YTO BBECTM B MOJE/b BCHO MX COBOKYMHOCTb He
yaaetcs. MNpu NOCTPOEHUN MAaTEMATUYECKOM MOAEIN Nepes UCCNeN0BaHUEM BO3HUKAET
3a/laya BbIABUTb U UCK/IOUYUTb U3 PAaCCMOTPEHUS (PaKTOPbl, HECYLLLECTBEHHO BNUSAIOLWIME HA
KOHEUHbIN pe3ynbTaT (MareMaTnyeckasi MoAesb 06blYHO BK/IIOYAET 3HAUYMTENIbHO MEHbLuee
yuncno hakTopoB, YEM B peasibHOW AEeACTBUTENBHOCTM). Ha OCHOBE AaHHbIX 3KCNEPUMEHTA
BbIABUIAlOTCA TMMNOTE3bl O CBA3M MEXAY BE/IMYMHAMU, BbipaXaloWwMMM KOHEYHbIV pe3ynbTarT,
n akTopaMun, BBEAEHHbIMU BMaTeMaTM4yecKyo MoAesb. Takasa CBA3b 3a4acTylo BblpaXkaeTcs
cucteMamMu anddepeHUnanbHbIX YPaBHEHUI B YACTHbIX MPON3BOAHbLIX (HanpuMep, B 3aaavax
MeXaHWKM TBEPAOro TeNa, XWAKOCTU U rasa, Teopun GpunbTpaumm, TENIONPOBOAHOCTH,
TEOPUWN 3/1EKTPOCTATMUYECKOrO M 3NEKTPOANHAMUYECKOrO MNoJei).

KoHeuHoM uenbio 3Toro atana senasercs GopMyanpoBaHMe MaTeMaTMyYeCckon 3ajaun,
peleHne KoTopor ¢ HeEOH6X0ANMOM TOYHOCTLIO BblipaXXaeT pe3yJsibTaTbl, MHTEpPecytowme
cneunanucra.

dopMa ¥ NpUHUMNbI NPeACTaBNeHUsS MaTeMaTUYECKoi MOAE/IM 3aBUCUT OT MHOIMX (haKTOpOB.
Mo NpuHUMNaM NOCTPOEHUA MaTeMaTUYECKME MOAE/M PA3OENSIoT Ha:

1. aHanuTunyeckue;
2. WMUTAUMUOHHbIE,

B aHanutuuyeckmx moaensax npouecchbl GyHKLMOHMPOBAHMUS peanbHbIX 06bEKTOB, NPOLLECCOB
WM CUCTEM 3aMNucCbiBalOTCA B BUAE SABHbIX PYHKLNOHANbHbIX 3aBUCMMOCTEN.

AHanuTMyeckasl Moaenb pasgensieTcss Ha TUMbl B 3aBUCMMOCTU OT MaTeEMaTUUYECKOM
npobnemsbi:

1. ypaBHeHus (anrebpanyeckue, TpaHCUEHAEHTHble, anddepeHunanbHble,
WHTerpasbHble),

2. annpoKCMMauMOHHbIe 3a4a4m (MHTEpnonsaums, aKCTpanonsaunsa, YncneHHoe
WHTerpmposaHue u anddepeHunposaHme),

3. 3ajdaum onTuMMU3sauuu,

4, crToxacTtuyeckue npobnembl.

OAHaKo Mo Mepe YCNOXHEHUss 06beKTa MOAENNPOBAHUS NMOCTPOEHMNE aHANIMTUUYECKO MoAeNn
npeBpallaeTcs B TpyAHOpaspewmnmMyto npobnemy. Toraa nccneaoBaTesnb BbIHYXAEH
MCMNOJIb30BaTb UMUTALMOHHOE MOAENNPOBAHME.

B MMMUTaALUMOHHOM MOAENNPOBAaHUM DYHKLUMOHUPOBAHME 06BEKTOB, NMPOLECCOB UM CUCTEM
onucbiBaeTcss HA6OPOM anropuTMoB. ANIFOPUTMbI UMUTUPYIOT peasibHble 3/IEMEHTAPHbIE
SIBJIEHMS, COCTaB/IAOLINE NPOLECC WU CUCTEMY C COXPAaHEHMEM UX JIOFMYECKOW CTPYKTYpbl U
nocneaoBaTeNIbHOCTU NPOTEKAHMSA BO BPEMEHU. MMUTALMOHHOE MOAENNPOBAHNE NO3BONSET
MO UCXOAHbIM AaHHbLIM MOJYUYNTb CBEAEHUS O COCTOSIHUSAX MpoLecca UM CUCTEMbI B
onpefeneHHble MOMEHTbl BPEMEHW, OAHAKO MPOrHO3MpoBaHWe NoBeAeHUs 06bEKTOB,
NPOLIECCOB MM CUCTEM 34EChb 3aTPYAHUTENbHO. MOXHO CKasaTb, YTO MMUTALMOHHbIE MOAENM
- 3TO NPOBOAMMbIE Ha DBM BblUMCIUTENbHbIE SKCMEPUMEHTbI C MaTEMaTUYECKUMU MOAESMU,
UMUTUPYIOLLUMWN MOBeAeHNE peasibHbIX 06BbEKTOB, MPOLLECCOB UM CUCTEM.

B 3aBucuMocCTun ot XapaKTepa nccnenyemblX peasbHbIX NMpoLeccoB U CUCTEM MaTeMaTn4deckmne



Mogesin MoryT 6bITh:

1. neTepMUHMpPOBAHHbIE,
2. CTOXacCTUYecKue.

B neTepMMHMPOBaHHbLIX MOAeNax npeanosaraeTcs OTCYTCTBME BCAKUX CyYalHbIX
BO34ENCTBUN, 31EMEHTbI MoAenun (NepeMeHHble, MaTeMaTU4YeCcKne CBSI3N) AOCTAaTOYHO TOYHO
YCTaHOBJIEHHbIE, NOBEAEHME CUCTEMbI MOXHO TOYHO onpeaenuTb. MNpu NoCcTpoeHun
AEeTEPMUHNPOBAHHbIX MOAENEN Yalle BCero NUCnosb3ytoTcs anrebpanyeckme ypaBHeHUS,
WMHTerpasbHble YpaBHEHUS, MaTpuuHasa anrebpa.

CToxacTuyeckasi MoAesib YYUTbIBAET C/lyUYalHbIi XapakTep NpoLeccoB B UCC/eayeMblX
06beKTax U CUCTEMAx, KOTOPbI ONUCbIBAETCA METOaMU TEOPUM BEPOSTHOCTU U
MaTeMaTUYEeCKOl CTaTUCTUKMU.

Mo Bnay BXogHOW MHMOpMaLMM MoAeNn pa3aensioTcs Ha:

1. HenpepbiBHbIE,
2. OVCKpETHbIE.

Ecnn vHdopMauunsa 1 napaMeTpbl ABASKOTCA HENPEPbIBHbIMU, @ MaTeMaTUYeCKME CBA3MU
YyCTONYMBLI, TO MOAESb - HenpepbiBHas. M HaobopoT, ecnn nHdopmauna 1 napameTpsbl -
AWCKPETHbI, @ CBA3W HEYCTOMUMBLI, TO U MaremMaTuyeckasl Mo4esb - ANCKPETHas.

Mo noBeaeHUo Moaenen BO BPEMEHU OHW pas3aensitoTcs Ha:

1. cTtatuyeckue,
2. ANHaMunyeckue.

CraTtudeckue Moaenu onucbiBaloT nosegeHune 06'beKTa, npouecca nan CUCTeEMbl B Kakon-nmbo
MOMEHT BpeMeHU. [InHaMnuueckme Moaenn oTpaxarT noBeaeHme obbekTa, npouecca unnanm
CUCTEMDbI BO BpeEMEHMN.

Mo cTeneHn CoOOTBETCTBUA Mexay MareMaTn4yecKkorn MoAENbIO U peanbHbIM obbekTOM,
npoueccom unnum CUCTEMOW mMaremaTn4yeckme Mogesnm pa3nendaroT Ha:

1. usomopgHbie (oanHaKoBble NO opMe),
2. romomopgHbie (pa3Hble No popmMe).

Monaenb Ha3biBaeTcs M30MOPGHOM, eCNn Mexay HEK N peanbHbIM 06bEKTOM, MPOLIECCOM WU
CUCTEMOW CYLLECTBYET MOJIHOE MN03/IEMEHTHOE COOTBETCTBUE. [OMOMOPGHO/ - ecnn
CYLLECTBYET COOTBETCTBME NMNLLUb MEXAY Hanbonee 3HaYnUTENbHbIMU COCTABHbIMU YAaCTAMMU
obbekTa U MoAENM.

B pnanbHenweM aAns KpaTKOro onpeaeneHus Buaa MareMaTu4yeckon Moaesiv B NpUBeAEHHON
Knaccudukaummn byaeMm nonb3oBaTbCs cneayowmmm 0603HadYeHNnsaIMu:

MepBas 6ykea:

[ - neTepMMHMpOBaHHag,
C - cToxactnyeckas.
Btopas 6yksa:

H - HenpepbiBHag,



[ - anckpeTHasg.
TpeTbsa 6ykBa:

A - aHanuTnyeckas,
N - uMuTaumoHHas.

CornacHo atmm 0603Ha‘-IeHMFIM, OonMcaHHas B JieKUUn 2, MoAesb KPUBOLWMMHO-LWAaTYHHOrO

mexaHunsma (Puc. 2.1.) obo3HauaeTcs kak Mmoaenb Buaa AHA (neTepMMHMpOBaHHas,
HenpepbiBHas!, aHaaMTM4ecKas), Tak Kak:

1. OtcyTcTBYET (TOYHEE HE YUYMTLIBAETCH) BAUSHME ClyYaliHbIX MPOLECCOB, T.e. MoAeb
aeTepMmnHmnpoBaHHas ().

NHdopMauns n napameTpbl - HENpPEpPbIBHbIE, T.€. MoAENb - HenpepbiBHas (H),
®YHKLUNMOHMPOBAHNE MOAENN KPUBOLIMMHO-LWATYHHOr0 MexaH1M3Ma ONMMcaHo B BUAE
HeNMNHENHbIX TPaHCUEHAEHTHbIX YPaBHEHUN, T.€. MOAEsb - aHannTmndeckas (A)

wWN
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2. Jlekuna: Oco6eHHOCTH MnoCTpoeHnsa MaTeéMaTUu4eCKux Mopenen

Ons ncnonb3oBaHmsa DBM npu peweHnn NpuMkNaaHbix 3a4ad npexae BCcero npukiagHas
3agaya AOoJKHA 6bITb "nepeBeadeHa" Ha popManbHbIA MaTeEMaTUYECKUNA A3bIK, T.e. AN
peanbHOro obbekTa, Npouecca UM CUCTEMbI AO/XKHA ObITb MOCTPOEHA ero MaTeMaTmyeckas
Moaenb.

MaTeMaTu4yeckme Moaenun B KOSIMYECTBEHHON hOpMe, C MOMOLLbIO JIOFTMKO-MaTeMaTUYECKUX
KOHCTPYKLMIM, ONUCbIBAOT OCHOBHbIE CBOMCTBa 06beKTa, npouecca uan CUCTEMbI, ero
napameTpbl, BHYTPEHHME U BHELIHME CBA3MN.

Ona nocrtpoeHus MaremMaTn4yeckor mogesin Heobxoanmo:

1. TwaTenbHO NpoaHann3NpoBaTb peanbHbli 06BEKT UM NpPOLECC;

2. BblAenuTb ero Hambonee CyLeCTBEHHbIE YepTbl U CBONCTBA;

3. onpeaenuTb NepeMeHHble, T.e. NapaMeTpbl, 3HAaYEHNS KOTOPbIX BAUSIOT HA OCHOBHbIE
YepTbl N CBOMCTBA 06bEKTA;

4. onucaTb 3aBUCMMOCTb OCHOBHbIX CBOMCTB 06beKTa, Npouecca Uin CUCTEMbI OT
3HAYEeHUS NepeMEHHbIX C MOMOLbI JIOTMKO-MAaTEMAaTUYECKMX COOTHOLLEHMUN
(ypaBHeHMS, paBEHCTBaA, HEPABEHCTBA, NIOrMKO-MaTeEMATUYECKNE KOHCTPYKLMI);

5. BblAeNUTb BHYTPEHHUE CBSI3M 06bEKTa, NpoLecca UM CUCTEMbI C MOMOLLbIO
OrpaHU4YeHuni, ypaBHEHWI, PAaBEHCTB, HEPABEHCTB, JIOTMKO-MaTeEMaTUYECKMX
KOHCTPYKLMIA;

6. onpenenuTb BHELHMWE CBA3M U ONMUCaTb X C MOMOLLBbI OrpaHUYEHUN, YpaBHEHWU,
paBEHCTB, HEPABEHCTB, JIOTMKO-MaTeMaTUYECKUX KOHCTPYKLUNIA.

MaTemaTnyeckoe MoaennpoBaHue, KpoMe nccnenosaHns obbekTa, npouecca nam CMcTeMsl U
COCTaBJieHNda nX MateMaTn4eCckKoro onncaHnA, Takxe BKJ/IKOYaET.

1. nocTpoeHune anropuTMa, Mogenupytowero nosegeHue obvekTa, npouyecca nam
CUCTEMBI;

2. npoBepKa aaeKkBaTHOCTM Moaenn n obbekTa, npouecca Uan CUCTEMbl Ha OCHOBE
BblYMNCANTENBHOMO U HAaTYPHOro 3KCNepuUMeHTa;

3. KOppeKTupoBKa Mopenu;

4. mncnonb3oBaHME MOAENMN.

MaTeMaTnyeckoe onmcaHme nuccienyemMboix NpoLeccoB U CUCTEM 3aBUCUT OT:

1. npupoabl peanbHOro NPoLEecca UM CUCTEMbI U COCTaB/ISIETCA HAa OCHOBE 3aKOHOB
buU3NKN, XMUMUK, MEXAHUKMK, TEPMOAMHAMUKIN, TMAPOANHAMUKM, DNIEKTPOTEXHUKM,
TEOPUWN NIACTUYHOCTU, TEOPUU YNPYFOCTU U T.4.

2. TpebyemMon AOCTOBEPHOCTU U TOYHOCTM U3YUEHUS N UCCNEeN0BaHUSA peasibHbIX
NMPOLIECCOB U CUCTEM.

Ha stane Bbibopa MaTeMaTM4YeCKOM MOAENn yCTaHaBANBAOTCSA: JIMHENHOCTb N HENIMHENHOCTb
obbekTa, npouecca nam CMCTeMbl, AMHAMUYHOCTb MM CTaTUYHOCTb, CTaLMOHAPHOCTb UaKn
HeCTauMOHapHOCTb, a TaKXe CTeENeHb AETEPMUHUPOBAHHOCTU UCCNeayeEMOro obbekTa nnm
npouecca. lNpn MmaTeMaTMYeCKoOM MOAENMPOBAHNM CO3HATENIbHO OTBIEKAKOTCS OT KOHKPETHOM
dunsmyeckor npnpoabl 06bLEKTOB, NPOLECCOB UM CUCTEM N, B OCHOBHOM,
CoCpeaoTaynBalTCs Ha U3YUYEHMUN KOJTIMUYECTBEHHbIX 3aBUCMMOCTEN MeXay BeNnMumnmHamu,
OMNMCbIBAKOLWMMKM 3TM NPOLLECCHI.

MaTeMaTnyeckas MoAenb HUKOrAa He 6biBaeT NMOIHOCTbLIO TOXAECTBEHHA pacCMaTpuUBaeMoMy
06bekTy, npoueccy unu cucteme. OCHoOBaHHas Ha yMnpoLWeHUN, naeanmsaumm oHa SBASETCS
npubInXXKeHHbIM onmncaHmem obbekTa. [o3TOMYy pe3ynbTaTbl, NOSYYEHHbIE NPU aHaNIN3e
MoAeNnn, HOCAT NPUBNXKEHHBIA XapakTep. X TOYHOCTb onpeaenseTcs CTeneHbio
aZleKkBaTHOCTM (COOTBETCTBMS) MOAENM N 0bbeKTa.



lMocTpoeHne mateMaTnyeckou mMogesin 0bbl4YHO HAaUYMHAETCSA C MOCTPOEHUS U aHanm3a
npocrenweri, Hanbonee rpybo MmaTtemaTM4YeCKOM MOAENN paccMaTpuBaeMoro ob6bekTa,
npowuecca uam cuctembl. B ganbHenwemM, B cnyvyae He06X0ANMMOCTM, MOAENb YTOYHSIETCS,
AenaeTcsa ee COOTBETCTBME 06beKTy 601ee NOosHbIM.

Bo3bMmeM npocTon npumep. Hy>XHO onpeaennTb niowanb NOBEPXHOCTM MUCbMEHHOro CTonNa.
O6bIYHO A1 3TOro N3MepAOT ero AJIMHY U WWNPUHY, @ 3aTEM NEPEMHOXAKT NMoJTyUYEeHHbIe
uncna. Takasi anemeHTapHasa npoueaypa dakTtuyeckn obo3HayvaeT cnegyrolee: peanbHblIi
06bekT (MOBEPXHOCTb CTOJ1A) 3aMeHseTcs abCcTpakTHOM MaTeMaTUYECKO MOAENbIO —
NpsAMOYTrofibHUKOM. MpAMOYrONbHMUKY NPUNUCLIBAOTCS pasMepbl, NMOJIyYEHHbIE B pe3ynbTaTte
W3MEepPEHUS AJINHbI N LWNPUHbI MOBEPXHOCTWU CTONA, U NJoWaAb TaKOro NpsiMOyrosibHUKa
NpueAnXKeHHO NPUHMMAETCS 3a MCKOMYIO NJoWaAb CTona.

OpHako Moaenb NPSAMOYrofibHMKa ANS NMMCbMEHHOro CToJj1a — 3TO NpocTelwas, Hanbonee
rpybas mogenb. MNpu 6onee cepbe3HOM NoaxoAe K 3ajade npexae, YeM BOCMNo/1b30BaTbCA
ANd onpegeneHus naowanmn crtona MoAaesblo NMpSMOYrosibHMKa, 3TY MOAENb HYXHO
npoBepuTb. [MpOBEPKN MOXHO OCYLLECTBUTb CrieAyowmnM obpa3oM: U3MepuTb AWHbI
NMPOTUBOMOJIOXKHbIX CTOPOH CTO/A, @ TaKXe AJ/IMHbI €ro AMaroHanen u CpaBHUTb UX MexXay
coboii. Ecnun, c Tpebyemoi cTteneHbio TOYHOCTW, ANTMHbI MPOTUBOMOJIOXHbIX CTOPOH U AIUHbI
AvaroHanen nonapHo paBHbl Mexay coboi, ToO NOBEpPXHOCTb CTONa AEeNCTBUTEIbHO MOXHO
paccMaTpuBaTb KakK NpsAMOYrosibHUK. B NnpoTMBHOM cny4vae mogenb NpsMOYyrosibHUKa
NPUAETCSA OTBEPrHyTb U 3aMEHUTb MOAENbI0 YeTblpexyronbHuka obuwero snga. Npu 6onee
BbICOKOM TpeboBaHMN K TOYHOCTM MOXET BO3HMKHYTb HEOH6XOANMMOCTb MONTU B YTOUYHEHUM
MoAenu eule Aasnblle, HanpuMep, y4ecTb 3aKpyrfieHus yrnos crona.

C NOMOLLbIO 3TOr0 NPOCTOro nNpmMepa 6bIs10 NOKasaHo, YTO MaTeMaTUyeckas Moaesb He
onpeaensieTcs OAHO3HAYHO UccreayeMbiM 06BbEKTOM, NMPOLLECCOM MM CUCTEMO. NS ogHOro
M TOro Xe CTos1Ia Mbl MOXXeM NPUHATbL NM60 Moaenb NpsAMOYronbHuKa, Mbo 6onee CNOXHYHO
MoAeNb YeTblpexyrosibHMKa obuero Bnaa, NMbo YeTbipexyro/ibHMKa C 3aKpyr/IeHHbIMU
yrnamu. Belbop Ton nnamn nHon moaenun onpepenserca tpebosaHneM TodHocTu. C
NOBbILLEHMEM TOYHOCTM MOAeNb NPUXOANTCH YCNOXHSATb, Y4UTbIBAsi HOBbIE N HOBble
0cobeHHOCTM nlyyaemoro obbekTta, npouecca uam CUCTEMbI.

PaccMOTpuM Apyron npuMep: UccrenoBaHne ABUXEHUS KPMBOLLIMMHO-LWATYHHOIO

MexaHusma (Puc. 2.1).

r
A

Puc. 2.1.

Ong KnHeMaTn4ecKoro aHasausa 3Toro MexaHumsma, rnpexnae Bcero, HeobxognmMo MNOCTPOUTb
€ero KMHeMaTn4yeckyr moaenb. 14 3Toro:

1. 3aMeHsieM MexaHM3M ero KMHeMaTU4YeCKOoW CXEMON, rAe BCe 3BEHbS 3aMeHeHbI
XKECTKUMWU CBA3SMMU;

2. Tonb3ysCb 3TON CXEMOM, Mbl BbIBOAUM YpaBHEHWNE ABUXEHUS MeXaHu3Ma;

3. OuddepeHumpys nocneaHee, nonyvyaeM ypaBHEHUS CKOPOCTEN N YCKOPEHUS,
KOTOpble NpeacTaBnsanT cobon anddepeHunanbHble ypaBHeEHUA 1-ro v 2-ro nopsiaka.

3anuweM 3TN ypaBHEHUSA:
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S.=7(1—cosp+ 2sin®p):
Vo = r‘-;r. (siny + %sin 2p);

A, = (5%)y(cosyp 4+ Acos2ep);

dt
rae Co— KparHee npasoe noaoxeHue nonsyHa C:
r — pagunyc kpusowwuna AB;
1 - AnunHa waTtyHa BC;
¥ — yron nosopoTa kpuBowWwMna;
A=/l

Mony4yeHHble TPAHCLEHAEHTHbIE YPaBHEHUSA NPeACTaBAsAoT MaTEMAaTUUYECKYO MOAENb
[ABUXXEHUS MIOCKOr0 aKCUaNbHOro KPMBOLIMMHO-LWATYHHOrO MEXaHU3Ma, OCHOBAHHYIO Ha
cneayowmx ynpoLiaLwmnx npeanosoxXeHmax:

1. Hac He MHTepecoBanu KOHCTPYKTUBHbIE (POPMbI U pacnonoXeHne Macc, BXOASWMX B
MEeXaHWU3M Ten, U BCe Tesla MexaHu3Ma Mbl 3aMeHUIN oTpe3KamMu NpsMbix. Ha camom
Aene, BCe 3BEHbS MexaHM3Ma MMeKT MacCy M AOBOJIbHO C/I0XHY0 dopMy. Hanpumep,
WaTyH — 3TO CIOXHOe cbopHoe coeanHeHue, dopMa 1 pa3Mepbl KOTOPOro, KOHEYHO,
6yayT BAUATb Ha ABMXKEHME MEXaHU3MA;

2. NpU rMOCTPOEHNN MATEMATUHYECKON MOAEIN ABNXKEHUS pacCMaTpMBaeMoro MexaHn3ma
Mbl TAKXe He y4YUTbIBasIN YNPYrocTb BXOAALWMX B MEXAHU3M TeN, T.e. BCE 3BeHbs
paccMmaTpuBanu Kak abcTpakTHble abCoNOTHO XecTkne Tena. B AencTBUTeNnbHOCTH
)Ke, BCe BXOASLME B MeXaHM3M Tena — ynpyrue tena. OHn Npu ABMXEHUU MexaHu3Ma
6yayT Kak-To AecopMMpoBaTbLCA, B HUX MOTYT Aa)e BO3HUKHYTb yrnpyrue kosnebaHus.
OTO BCe, KOHEYHO, Takxe byaeT BAUATb Ha ABUXEHUE MEXaHU3Ma;

3. Mbl HE Y4YUTbIBA/IN NOrPELIHOCTb U3rOTOB/IEHUS 3BEHbEB, 3a30pPbl B KNHEMATUYECKUX
napax A, B, Cun T.A4.

Takum 06pasoM, BaXKHO elle pa3 NoAYepKHYTb, YTO, YeM Bbille TpeboBaHWUS K TOYHOCTM
pe3ysibTaToOB peLleHns 3a4a4ym, TeM 6osiblie HEO6XOANMOCTb YUYNTbIBATb NMPU MOCTPOEHUMN
MaTeMaTu4eckok Mogesim oCO6eHHOCTU n3yyaeMoro o6bekTa, npoLuecca UM CUCTEMbI.
OfHako, 34ecb BaXHO BO BPEMSI OCTAHOBUTbLCS, TakK Kak C/IOXHasi MaTeMaTuyeckas Moaesb
MOXET NPEBPATUTLCA B TPYAHO paspeLlMMYo 3aaady.

Hanbonee NpocTo CTpoUTCA MoAeNb, KOrAa XOpOoLO U3BECTHbI 3aKOHbI, onpeaenstouwue
nosegeHmne n CBoMcTeBa obbekTa, npouecca Uan CUCTEMbI, N MMeeTCcs 6ONbLION NpaKTUYEeCKN
onbIT NX NMPUMEHEHMUS.

Bonee cnoxHas cuTyaumns BO3HMKaET Toraa, Korga Halwm 3HaHusa 06 nsyyaemom obbekTe,
npouecce WM CUCTEMe HeAOCTaTOUHbl. B 3TOM cnyyae npu rnocTpoeHun MaTteMaTuyecKom
MoAENNPUXOANTCA AenaTtb AOMNONHUTESNbHbIE MPeanoNoXeHNs, KOTOPblIE HOCAT XapakTtep
rmnoTes, Takas MoAesib Ha3blBAETCS MMNOTETUYECKON. BbiBOAbI, NONYyYEHHbIE B pe3yfbTaTe
nccneoBaHUs TakoW MMNOTETUYECKOM MOAENN, HOCAT YCNOBHbIN XapakTep. [na nposBepku
BbIBOAOB HEO6X0OAMMO COMOCTaBUTb pe3ysibTaTbl UCCNefoBaHNSA MoAen Ha DBM c
pe3ynbTaTaMu HAaTYpPHOro 3KCnepuMeHTa. TakmuMm o6pa3zom, BONPOC NPUMEHUMOCTU HEKOTOPOH
MaTeMaTUYeCcKoM MoAenn K U3y4YeHUI0 paccMaTpmBaeMoro obbekTa, npouecca Uin CUCTEMBI
He ABMSeTCa MaTeMaTUYECKUM BOMPOCOM M HE MOXET 6biTh pelleH MateMaTu4yeCcKMMun
MeToAaMu.

OCHOBHbIM KpUTEPUEM UCTUHHOCTU SABMSIETCS SKCNEPUMEHT, NPaKTUKA B CAMOM LUMPOKOM
CMbIC/ie 3TOro cnosa.



lMocTpoeHne MaTteMaTMyeCKo#i MOAEIM B NPUKIAAHbIX 3a/ladyax — OAMH U3 Hanboree CNoXHbIX
N OTBETCTBEHHbIX 3TanoB paboTbl. ONbIT MOKa3bIBAET, YTO BO MHOMMX C/ly4yasx NpaBuibHO
Bbi6paTbh MoAENb — 3HAYUT pelwunTb Npobremy 6onee, YeM HanoMOBMHY. TPYAHOCTb 4AHHOIO
3Tana CoCTOMT B TOM, YTO OH TpebyeT COeaAMHEHUA MaTEMAaTUYECKNX U CNeLmanbHbIX 3HAHUNA.
Mo3TOMY OUYEeHb BaXHO, YTO6bI MPU pelleHnn NpUKNaaHbIX 3a4a4 MaTeMaTMk obnaganm
cneunanbHbIMK 3HaHUSAMU 06 06bEKTE, @ UX NAPTHEpPbI, CMeLManucTbl, — onpeaeneHHom

MaTeMaTUUECKOW KynbTypOoi, OMbITOM UCC/eA0BaHMNs B CBoel 061acTtun, 3HaHueM DBM u
nporpamMMmMpoBaHus.



3 Jlekuyusa: KoMnboTepHOe MoaeMpoBaHue n BblYUUCIUTENbHbIN
3KCnepuMeHT. PelneHne MmateMaTU4e€CKMX mopenen

KoMnboTepHOE MoaennpoBaHue Kak HOBbIN MeToA Hay4HbIX nccnenoBaHUM OCHOBbIBAETCS
Ha:

=

NMOCTPOEHMMN MaTEMATUYECKUX MOoAEeNeNn AJsl ONMCaHMS N3ydaeMblX NMPoLEeCCoB;

2. WCMNonb30BaHMN HOBENLWMX BbIYUCIUTESNbHbLIX MalMH, 06nagarownx BbICOKNM
6bicTpoaencTemeM (MUNMOHBLI ONepauunn B CEKYHAY) U CNOCOBHbIX BECTM Ananor C
YEN0BEKOM.

CyTb KOMMbIOTEPHOIO0 MOAENPOBAHUSA COCTOUT B CNeAYIOWEM: Ha OCHOBE MaTeMaTUUYECKOM
MoAenun C nomoubio 3BM nNpoBoaAUTCS CEpUSA BbIUUCIINTENbHBIX SKCNEPUMEHTOB, T.€.
nccneayTcsl CBOMCTBA O6BEKTOB MM MPOLLECCOB, HAX0ASATCA UX ONTUMasbHble NapaMeTpbl U
pexXuMbl paboTbl, yTOUHSeTCA MoAenb. Hanpumep, pacnonaras ypaBHEHWEM, OMUCHIBAOLLMM
npoTekaHme Toro UM MHOro NpoLecca, MOXHO U3MeHSS ero KoaddnUMEHTbI, HaYanbHbie U
rpaHM4YHblE YC0BUS, NCCNeAoBaTb, Kak Npu 3ToM byaeT Bectn cebsa obbekT. bonee Toro,
MOXHO CMpOrHO3nMpoBaTb NoBeAeHMe 0b6bekTa B pas/iMuHbIX YC10BUSIX.

BbluncnmMTenbHbIn 3KCNEPUMEHT NO3BONSET 3aMEHUTb AOPOroCTOALWMMN HATYPHbIN
3KCNepuMeHT pacyeTaMn Ha DBM. OH no3BosiSeT B KOPOTKME CPOKU U 6e3 3HaUUTENbHbIX
MaTepuasnbHbIX 3aTpaT OCYLWEeCTBUTb UccnegosaHne 60abLOro YACia BapuaHToB
NpOEeKTUPYeMOro obbeKkTa uUam npolecca AN pasiMdHbIX PEXUMOB ero aKCnayaTaummn, 4to
3HAUYUTENbHO COKpaLLlaeT CPOKN pa3paboTKM CAOXHBLIX CUCTEM U UX BHEeApPEHUE B
Npon3BOACTBO.

KoMnbloTepHOE MOAENNPOBAHNE N BbIYUCIUTENbHbBIN 3KCMEPUMEHT Kak HOBbIN MeToa
Hay4YHOro MUccrenoBaHUS 3acTaBnsieT COBEPLUEHCTBOBATL MaTeMaTUYECKNIA annapar,
MCNONb3YEMbIN NPU MOCTPOEHNN MaTEMATUUYECKMX MOAENEN, NO3BOSIET, UCMOMNb3YS
MaTeMaTUUYECKMe METOAbl, YTOUYHSATb, YC/I0XHATL MaTeMaTmueckue moaenn. Hanbonee
NEPCNEKTUBHbLIM ANnA NpoBEAEHUA BbIYHNCITUTENBHOINO 3KCNEPUMEHTA ABNAETCA €ro
MCNONb30BaHME ANS1 PELUEHNS KPYMHbIX HAaYUYHO-TEXHUYECKMX U COLMANbHO-3KOHOMMYECKNX
npob6seM coBpeMeHHOCTU (MpOeKTUPOBaHUE PeaKTOPOB AJ19 aTOMHbIX 3/1EKTPOCTaHUNM,
NpoeKTUpoBaHME NJIOTUH N FI/ILI,pOSﬂeKTpOCTaHLl,VIVI, MarHutTorngpoanHaMmn4yecKkmnx
npeobpasoBaTeniei sHeprmn, U B 061acTM 3KOHOMUKK — COCTaBneHMe cbanaHCMpOBaHHOIO
niaaHa Ansg oTpaciau, pervoHa, Ans CTpaHbl 1 ap.).

B HekoTOpbIX Npoueccax, rae HaTypHbI SKCMNEPUMEHT OnaceH ANsl XXM3HU U 340p0OBbS
noaen, BbIYNCNUTENbHbBIN SKCNEPUMEHT SBASETCS €AUMHCTBEHHO BO3MOXHbIM (TEPMOSAEPHbIN
CMHTE3, 0OCBOEHMEe KOCMUYECKOro NpoCTpaHCTBa, NPOEKTUPOBaHME U UCCrefoBaHue
XUMUYECKUX U APYFMX NPOU3BOACTB).

[ns NnpoBepKkn afeKBaTHOCTU MaTeMaTUYeCKOW MoAesnu U peanbHoro obbekTa, npouecca unm
CUCTEMbI pe3ynbTaTbl UCCNeAoBaHM Ha DBM cpaBHUBAOTCA C pe3ysibTaTaMyn SKCMepUMeHTa
Ha OMbITHOM HaTypHOM obpa3Le. Pe3ynbTaTbl NPOBEPKM UCMOMb3YHOTCS AN KOPPEKTUPOBKM
MaTeMaTUYeCcKol MoAenu Uan pelaeTcs BOMNPOC O MPUMEHUMOCTU NOCTPOEHHOM
MaTeMaTUYeCcKol MOAEeNn K NPpOeKTUPOBaHMIO NM60 MCCnefoBaHMi0 3a4aHHbIX 06 BEKTOB,
NpOLLEeCCOB UM CUCTEM.

B 3akntoueHne nogyepkHeM elle pas, YTo KOMMblOTEPHOE MOAenpoBaHue 1
BbIUMCNINTENbHbIN SKCMNEepPUMEHT NMO3BOIAIOT CBECTU UcceaoBaHue "HeMaTemaTmyeckoro”
0b6bekTa K pelleHno MaTeMaTUYecKon 3ajadun. DTUM CaMbiM OTKPbIBAETCS BO3MOXHOCTb
NCMob30BaHMs A1 €ro U3y4YeHus XopoLo pa3paboTaHHOro MaTteMaTM4YeCcKoro annapaTa B
COYeTaHUM C MOLLHOM BblYUCAUTENBHON TEXHUKOM. Ha 3TOM OCHOBaHO NpUMeHeHune
MaTteMaTuku u OBM ansg no3HaHUsa 3aKOHOB peanbHOro MMpa U UX UCMONbL30BaHMSA Ha
npakTuKke.



B 3apauyax NnpoeKkTMpOBaHUSA UN UCCIeA0BaHMS NMOBeAeHNS peanbHbIX 06beKTOB, MPOLECCOB
WM CUCTEM MaTeEMaTUYECKME MOAENU, KaK NPaBuUo, HENIMHENHDI, T.K. OHM AO/IXHbl OTpaxaTb
peanbHble pun3ndeckne HermHenHble NpoLEecchl, NpoTekawwme B HUX. Mpu 3ToM napaMeTpsbl
(nepeMeHHbIe) 3TUX MPOLECCOB CBA3aHbl Mexay cobon pU3n4YeckMMmn HeMMHENHbIMK
3akoHaMu. MoaToMy B 3aaavax NPOEKTUPOBAHUSA UM UCCIea0BaHUS NOBEAEHUS peasbHbIX
061bEKTOB, NPOLLECCOB M1 CUCTEM Yallle BCEro UCMO/b3YOTCA MaTeMaTUYeckme Moaenu Tuna
OHA.

CornacHo knaccudukaumm npnBeaeHHoON B nekumnm 1:

[ - Mmoaenb AeTepMMHMPOBaHHas, OTCYTCTBYeT (TOYHEE He yUMTbIBAaeTCsl) BAUSHME
CNly4YalHbIX NPOLECCOB.

H - mogenb HenpepbiBHas, MHGOpPMaUMa U NapaMeTpbl HENPEpPbIBHbI.

A - Moaenb aHanuTMdeckas, GyHKUMOHMPOBaHME MOAENM OMUCLIBAETCS B BUAE YPaBHEHMUN
(NVHENHbIX, HENWHENHbIX, CUCTEM YpaBHEHWUI, anddepeHunanbHbIX N MHTErpanbHbIX
YpaBHEHUN).

NTak, Mbl NOCTPOMAM MaTEMaTMUECKYO MOAeNb paccMaTpuBaeMoro obbekTa, npouecca uim
CUCTeMbl, T.€. NPeACTaBMAM NPUKIALAHYIO 3a4a4y KaK MaTeMaTmyeckyto. Nocne atoro
HacTynaeT BTOPOM 3Tan pelleHnsa npukiagHon 3agadum — nouck unm paspabortka metoaa
peleHns copMyMpoBaHHON MaTeMaTUYeCKON 3aga4un. MeToa AonxeH 6biTb YA0OHbLIM ANns
ero peanmsaumm Ha 3BM, obecneunBaTb HEO6X0AMMOE KAYECTBO PELLUEHUS.

Bce MeToabl peweHmna MaTeMaTu4eckmx 3agay MOXHO pasaennTb Ha 2 rpynnbl:

1. TOYHble MeTOoAbI peweHnsa 3aaa4y,
2. 4YUCNeHHble MeToAbl peweHnda 3aaau4.

B TO4YHbIX MEeToAaX peWweHNnAa MaTeEMAaTUYECKNX 3a4a4 OTBET yAA€ETCA NOJ1ly4nTb B BUAE
dopmyn.

HanpvMep, BblUMCAEHME KOPHEN KBaApaTHOro ypaBHEHUS:
ar’ +br4+c=0,
—b4+ /b2 — Lae

2a

Iy 2=

WUNKN, HanNpuMep, BblYUCIEHNE NPOU3BOAHBLIX QYHKLUMIA:

v =-=sin(r),y" = cos(r);
y=1"y =nr" 1

W BblYUCNEHWNE ONpeaeseHHOro MHTerpana.:
[ cos(r)dr =sin(b) — sin(a);
b

OaHako, noacTasAsa ymcna B d)opMyny B BUAE KOHEYHbIX AECATUYHbIX ,U,p06€l7l, Mbl BCeE
paBHO Nojsy4yaem I'IpI/I6J'IVI)KeHHbIe 3Ha4YeHn4 pesynbTaTa.

Ons 60nblWKMHCTBA 3a4a4, BCTpeYarnLWwmnXxca Ha NpakTnKe, TO4YHble METOAbI pELLIEHNA UMK
HEU3BECTHbI, W1N AAKOT O4YEHb rPOMO3AKHNE d)OpMYJ'IbI. OnHako, OHW He Bceraa aABsaTCs
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HeobxoanMbIMU. TPUKIaAHYIO 3a4a4y MOXHO CUMTATb NMPaKTUUYECKU PELLUEHHOMN, ecNn Mbl
CYMEEM ee pPELIUTb C HYXHOW CTEMEHbIO TOYHOCTU.

Ona peweHnsa Taknx 3agad pa3pa60TaHb| YMNCTIEHHbIE METOAbI, B KOTOPbIX peweHne CNoXHbIX
MaTeMaTnyeCKnx 3agad CBOAUTCA K nocneanoBaTe/ibHOMY BbIMOJIHEHUIO 6onblioro ymucna
MPOCTbIX apMCbMeTMLIECKMX onepauwﬁ. HenocpeancreseHHas pa3pa60TKa YNCJTEHHbIX METOA0B
OTHOCUTCS K BbIYMCNINTENBHON MaTeMaTUKe.

NMpMMEepoOM YNCIEHHOro MEeToAa SABNAETCS MeToA NPSMOYrofibHUKOB 4SS MPUBIMXKEHHOIO
WHTErpupoBaHus, He TpebyoLWwmnin BblunciaeHns neppoobpasHoi ansg noabiHTerpasbHoOM
dyHKUMN. BMECTO nHTerpana BblYNCASIETCS KOHEYHas KBagpaTypHas cyMMma:

a n+1
f f(r)dzr = S f(z:) Az
. : . - =
b i=1
rge
x1=a — HWKHWUIA Npeaen MHTerpupoBaHus;
Xn:1=b — BEPXHWIA Mpeaen MHTerpupoBaHus;

n — YMC/I0 OTPE3KOB, Ha KOTOpble pa3buUT MHTEPBAN MHTErpUPOBaHUSA (a,b);

Ar; _ OJINHA 3/1eMEeHTapHOro oTpeska;

f(xi) — 3HaYeHMe NoAbIHTErpanbHON PYHKLUMN Ha KOHLAX 3N1eMEHTApPHbIX OTPE3KOB
NHTErpupoBaHus.

YeMm 60sblUe YMCIIO0 OTPE3KOB N, HA KOTOpblE PpasbuT MHTepBaa MHTErpupoBaHus, TeM bamxe
NpubAnXXeHHoOe pelleHne K UCTUHHOMY, T.e. TeEM TOUHEee pe3ynbTarT.

Takum 06pa3oM, B NpuKIagHbiX 3agadvyax U npu npMMeHEHUM TOYHbIX METOAO0B peLleHns, U
Npyv NPUMEHEHUU YUCNEHHbIX METOAOB peLleHUs pe3ynbTaTbl BbIYUCAEHUA HOCAT
NpUBAnXKeEHHbIN XapakTep. BaXXHO ToNbKO A06UTLCA TOro, 4Tobbl OWNOKK yKNaabiBanuchL B
paMkn TpebyeMon TOYHOCTW.

YuncneHHble MeToAbl peLleHns MaTeEMaTUYeCcKMX 3a4ay U3BEeCTHbl AaBHO, elle A0 NosABAeHUs
3BM, HO MMW NONb30BaNINCL PEAKO U TOMIbKO B CPABHUTENBHO MPOCTLIX CNyYasaX B CUy
Ype3BblYaNHON TPYAOEMKOCTU BblUMCIEHUA. LLIMpoKoe NpUMEHEeHNe YNCNEHHbIX METOAOB
CTasno BO3MOXHbIM 6narogaps 3BM.



4. Nlekumns: YncneHHble MeToAbl PELEeHUAl HEJIMHEHHbIX YpaBHEHUMN

Ecnun 3akoHbl GYHKLUMOHNUPOBAHNS MOAENN HEJTMHENHbI, @ MOAENUPYEMbIE NPOLLECC UK
cuctema ob1apgatoT OAHOM CcTeneHblo cBoboabl (T.€. MEKT OAHY HE3AaBUCUMYIO
NnepeMeHHyl), TO Takas MoAdenb, Kak NpaBuio, ONMUCbIBAeTCS OA4HUM HENMHENHbIM
YpaBHEHUEM.

Heob6Xx0ANMMOCTb OTbICKAHUS KOPHEN HENIMHEHbIX YpaBHEHNI BCTPEYAETCA B pacyeTax
CUCTEM aBTOMAaTMUYECKOro yrnpaB/iEHUS U peryMpoBaHusl, CO6CTBEHHbIX KonebaHnit MalnH 1
KOHCTPYKLMWIA, B 3aAa4ax KMHEMATUYECKOrO aHan3a U CUHTE3a, NJIOCKUX U
NPOCTPaHCTBEHHbIX MEXAHU3MOB U APYrMX 3aZadax.

[JaHO HennHeHoe ypaBHEHME:

flz) =0 (4.1)
HeobxooMMo pewunTb 3TO ypaBHEHME, T. €. HAUTU ero KopeHb I,

v 4
S (x)

Puc. 4.1.

Ecnn beHKLl,Mﬂ nMeeT Bna MHOro4ysieHa creneHn m,
—1 —2
flr) = anx™ + a12™ 7" + a2r™ T 4 a1 T+

rae a; - KoadULMEHTbI MHOrouYNeHa, * — 1,m

ypaBHEHME f (x)=0 UMeeT m KopHen (puc. 4.2).

, TO

A Y
X
——
%3
e
B SEE—— ]
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Puc. 4.2.

Ecnn dyHKUMA £ (x) BKIOYAET B cebst TPUrOHOMETPUYECKME UM SKCMOHEHL WA bHbIE
(byHKLUMN OT HEKOTOPOro apryMeHTa x, TO ypaBHeHue (4.1) Ha3blBAETCA TPAHCLEHAEHTHbIM
ypaBHEHNEM.

Mpumepsbl:

arctgr +1 —r =0,

=

r—eiw =0
Takne ypaBHeHUs 06bI4HO MMeT 6eCKOHEYHOEe MHOXECTBO pPELLUEHUN.

Kak n3BecTtHo, He BCAKOEe ypaBHEHUE MOXET 6bITb peleHo ToYHO. B nepByto oyepeab 310
OTHOCUTCA K 6OJ'IbUJMHCTBy TpaHCUEeHAEHTHbIX ypaBHEHMﬁ.

[okaszaHo Takxe, YTO HeNb3sa NOCTPOUTb HOPMYIy, MO KOTOPOW MOXHO 6b1n10 6bI pewaTb
Npon3BoObHbIE anrebpanyeckne ypaBHeHUS CTEMNEHU, Bbille YeTBEPTOM.

OpHaKo TOYHOE pelleHMe YpaBHEHUSA He BCeraa sBAseTcs HeobxoanMbIM. 3a4advy OTbiCKaHMS
KOpHEeW ypaBHEHNSA MOXHO CYMTATb NPaKTUYECKU pELLEHHON, eCN Mbl CYMEEM HaUTU KOPHU
YpaBHEHUS C 3a4aHHOM CTENeHb TOYHOCTM . [N 3TOro MCNosb3yTCs NPUBAMKEHHbIE
(4ncneHHbIe) MEeTOAbI peLlEeHMs.

BONbWMHCTBO yNoOTpebAAoWMXCA NPUBIMKEHHBIX METOAOB PELLEHUS YPaBHEHWNI SBNSIOTCS,
Nno CyLecTBy, cnocobamMu yToUHEHUs KopHeln. [Ans ux npuMeHeHust Heo6xXoANMO 3HaHue
WHTepBana M30AsUuK [a,b], B KOTOPOM JIEXMUT YTOYHSIEMbIN KOpeHb ypaBHeHusl (puc. 4.3).

! £(x)

Puc. 4.3.

Mpouecc onpeaeneHns MHTepBana U3onsauumn [a,b], COAEpXallero TobKO OAWH U3 KOpHEN
YPaBHEHMS, Ha3biBAETCA OTAENEHMEM 3TOIO KOPHS.

Mpouecc oTaeneHns KOpHen NpoBoASAT UCXOASA U3 (PU3NYECKOro CMbiC/ia NPUKIAAHON 3a4aun,
rpacdmyeckmn, C NnoMoubo Tabnuy 3HaYEHU DYHKUNN £ (x) WK MPU NOMOLWM CneunanbHoOn
nporpamMmmbl oTAeneHns KopHen. MNMpoueaypa oTaeneHns KoOpHen OCHOBaHa Ha U3BECTHOM
CBOWNCTBE HenpepbIBHbIX QYHKUNI: ecnn DYHKUNA HENpepbiBHA Ha 3aMKHYTOM

WHTepBane [a,b] U Ha ero KoHUax UMeeT pas/inyHble 3HaKun, T.e. f (a) £ (b) <0, TO Mexay
TOUKaMM a U b UMeeTCca XoTa 6bl 0OAMH KOpeHb ypaBHeHus (1). Ecnan npu 3TOM 3HaK

dYHKUMM £' (x) HA OTpe3Ke [a,b] HE MEHSAETCH, TO KOpeHb SBASETCH €ANHCTBEHHbLIM Ha
3TOM OTpes3ke.

Mpouecc onpeaeneHns KOpHen anrebpanyeckmnx N TpaHCLEHAEHTHbIX YpPaBHEHMI COCTOUT U3
2 5Tanos:
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1. oTaeneHune KOpHeMN, - T.e. onpeaesieHNne NHTEPBaNoB N30NAUMKN [a,b], BHYTpPHU
KOTOPOro JIEXWUT KaXKablii KOpeHb YpaBHEHUS;

2. YTOYHEHMUE KOPHEN, - T.€. CY)XEHNEe UHTepBana [a,b] A0 BENNUYMNHbI PaBHOWN 3aaHHOM
CTENEeHN TOYHOCTU £ .,

Ona anrebpanyeckmnx n TpaHCLUEHAEHTHbIX YPaBHEHUN NPUIrOAHbI O4HN U Te Xe MeToAbl
YTOUHEHUS NPUBAMXKEHHBIX 3HAYEHUN OENCTBUTESIbHbLIX KOPHEN:

MeToZ MoJIOBUHHOIO Aes1eHnsi (METOL AUXOTOMUN);
MeTo4 npoCTbIX UTepaLnii;

meTog HbroToHa (MeToa KacaTesibHbiX);
MoanNuUNpoBaHHbIM MeToa HboTOHa (MeTo4 CeKymx);
meTog xopa v Aap.

uhwn e

MeToa NOJIOBMHHOIO AeJsieHusA

[JaHO HennHenHoe ypaBHEHME:
flz) =0 (4.1)
HaTn KopeHb ypaBHeHUS, NpuUHaAnexawWwmn nHTepesany [a,bl, C 3a4aHHON TOYHOCTbIO £ .

ONna yTOUHEHUS KOPHS METOAO0M MOJI0BUHHOIO A€/1€HMS NOCNeA0BaTe/IbHO OCYLLECTBAAEM
cneaywowme onepauunn:

1. [JenunM nHTepsan nononam:

a+b
t = 5 KOOPIHHATEL CEPETHHBI ['.I'l'}'}[‘i*}]{E-l[tI, b].‘

i

2. B kauecTBe HOBOro MHTEpBana M30NALMN MPUHMMAEM Ty MOJIOBMHY UHTEpBana, Ha
KOHLax KOToporo yHKUUA MMeeT pasHble 3Haku (puc.4.4).

RACIT T fmt

Q H b ';:;_ Q H b ';(_
Puc. 4.4.
Ana sToro:

a) Bbluncnaem 3HavyeHune CDYHKHMM f(x) BTOYUKaX a U t.

b) MNMpoBepsem: ecnn f (a) £ (t) < 0, TO KOPEHb HAXOAUTCS B JIEBOM NOMOBUHE
MHTepBana [a,b] (puc.4.4.a). Toraa otbpacbiBaeM nNpaBylo NOJSIOBMHY MHTEpBaaa n
AenaeM nepenpuceBoeHune b=t.
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c) Ecnun £ (a) £(t) < 0 He BbINOSHAETCH, TO KOPEHb HAXOAUTCS B MpPaBoi NONOBUHE
MHTepBana [a,b] (puc.4.4.6). Torga otbpacbiBaeM NEBYIO MOSIOBUHY U AeNaeM
nepenpuceoeHme a=t. B o06ounx crydasx Mbl NOSy4YUM HOBbIN MHTEpBan [a,b] B 2
pasa MeHbL W NpeablayLero.

3. Tlpouecc, Ha4yMHasa c NyHKTa 1, UMKIANYECKN MOBTOpSEeM A0 TeX nop, noka AJnHa
WHTEepBana [a,b] He CTaHEeT paBHOWN NMB60 MeHblUeN 3a4aHHON TOYHOCTH, T.€.

|b—a| < e.

CxeMa anropmTMa yTOYHEHUS KOPHE N0 METoAY 0/I0BUHHOIO €/1€HMS NpeacTaB/ieHa
Ha puc. 4.5.

x=fa+b)/2
S)

Puc. 4.5. CxeMa anroputMa yTOUYHEHUS KOPHEN No MeToay MOSIOBUHHOMO AeNeHuns

MeToA NpocTbiX UTEepaumm

B psaae cnyyaes BecbMa yA06HbIM MPUEMOM YTOUHEHUS KOPHS YPaBHEHUS SBNASETCH METOA
nocnenoBaTesibHbIX NpUGANXKEHU (METOA ntTepaumn).

MyCcTb C TOYHOCTbIO £ HEeo6X0AMMO HAWTU KOPEHb YPaBHEHUS f (x) =0, NpUHaANexXawmi
WHTepBany u3onsaumm [a,b]l. OyHKUUS f (x) U €e nepBas NMpom3BoAHas HenpepbIBHbLI HA 3TOM
oTpeske.
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,D,J'Iﬂ NPUMEHEHNA 3TOr0 MeToga MCXOAQHOE ypaBHeHUE f (x) =0 AOJIKHO 6bITb NpnBEAEHO K
BUAY

r=p(r) (4.2)

B kauecTBe Ha4yanbHOro npmbnuxeHums 0 BoibMpaeM nobylo ToOUKy MHTEpBana [a,b].

Danee VITepaLI,MOHHbIﬁ NnpouecC NoOUCKa KOpHAa CTPOUTCA MO CXEME!

rp = _}eruj,
2= S g
In = fl:r_rn—'lj

B pe3synbTaTte ntepauuoHHbIN MPOLECC NOMCKa peanunsyeTcs peKyppeHTHon dopmynon (4.3).
lMpouecc nomcka npekpallaeTcs, Kak TONIbKO BbINOJIHAETCSA ycnosue

Tn— In-1| <2 (4.4)
NN 4ncno VITepaLLVIVI I'IpeBbICVIT 3a4aHHOEe 4YnC/o N.

Onsa Toro, 4tobbl NOCNEAOBATENBHOCTb X1, X2,.., X, NPUBAMIKANACb K NCKOMOMY KOPHIO,
Heobxo0AnMO, YTO6bI BbINMOSTHANOCH YCIOBME CXOANMOCTMU:

O (r)] < 1. (4.5)

T4
y=x
///#‘ y=p(x)
/
450
——
X0 X1 X2 X

Puc. 4.6. leoMeTpuyeckui cMbICa MeToAa

MepexoanM K MOCTPOEHUI0 CxeMbl anroputMa (puc. 4.7). BeluncneHune

byHKLMUM w(r) 0chOopMUM B BUAE MOAMNPOrPaMMbl.
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Hauamno

Xp, £

&

*=@(x,)

Xo=x

Oa

Puc. 4.7. Cxema anropmtMa yTOYHEHUS KOPHS METOAO0M UTepaumi

Metoa HbloTOHa (MeToA KacaTesibHbIX)

PaccMOTpeHHble paHee MeTOoAbl PELEHUS HETMHENHbIX YPAaBHEHUI SBAAIOTCS METOAAMMU
NpsIMOro noucka. B HUX AN HAXOXAEHUSI KOPHS UCMOMb3yeTCs HaX0XAeHNEe 3HaUYeHUs!
(YHKUMKN B pa3nMyHbIX TOYKaX MHTepBana [a,b].

MeTtog Hbr0TOHa OTHOCUTCS K rpaaMeHTHbIM MeToAaM, B KOTOPbIX ANSl HAXO0XAEHUS KOPHS
MCNOJIb3YETCA 3HA4YEHNE I'IpOVI3BOLI,HOl7I.

[JaHo HennHenHoe ypaBHEHMeE:
f(x)=0
HanTn KopeHb Ha uHTepBane [a,b] c TouHoOCTLIO £ .

MeTtoa Hbl0TOHa OCHOBaAH Ha 3aMeHe UCXOAHON PYHKUMUU f (x), HA KaXAOM Liare noumcka
KacaTeslbHOW, NpoBeAeHHON K 3Ton dyHKUMK. MNMepecevyeHme KacaTeslbHOM C OCblo X AaeT

npubnunxenmne kopHsa (Puc. 4.8).
BbibepeM HadanbHY TOUKY xo=b (KOHeLU uHTepBana nsonsdumm). Haxoanmm 3HayeHune

dYHKUNM B 3TON TOYKE U MPOBOAUM K HEW KacaTeslbHYI0, MepeceyeHmne KOTopon C
OCbl0 X AaeT HaM nepBoe NPUBANXKEHUE KOPHS xi.

T &
J(x)

S (xo0)

\

>
X3 X2 X1| ;’A\J X0 b

Puc. 4.8.
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X1 = Xo — ho,

roe
S flzo) _ flza)
g = = .
tg(a)  f'(zo)
MosTomy
__ flzo)
I, = Ip f"(ruj

B pesynbTaTe MTEpPaLMOHHbIN NPOLECC CXOXAEHUS K KOPHIO peasin3yeTcsl peKyppeHTHOM
dopmyno

f(zz)

Iy =Ir,— —— (4.6
+1 f’(l’n)( )

Mpouecc noncka NpoAos/HKaeM A0 TeX NOp, MOKa HE BbINOSHUTCS YCNOBUE:
Tntl — In| <2 (4.7)
Ynpoctum ycnosue (4.7), ucxoasa ms (4.6). Monyuumm:

flzn)

|5 <2 (4.8)

f'(zn)
MeTog obecneunmBaeT H6bICTPYHO CXOAMMOCTb, €C/IN BbIMOJSIHAETCS YCl0BUE:
rr .
flza) - f(zo) = 0, (4.9)

T.e. NepBYyto KacaTe/lbHY0 peKOMeHAYeTCs NPOBOAMTL B TOM TOUKe UHTepBana [a,b], rae
3HaKM PYHKUMN f (xo) U €e KPUBU3HbI £" (x,) COBMNAZAMoT.

CxeMa anroputMa yTouHEeHUs KOpHS MeTod HbioToHa npuBeneHa Ha puc. 4.9
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x=a A

[ /=09 |

fi=di(x
|
h=fifi

x=x-h
a

Her

IS
Sf=dx)

Koner

Puc. 4.9. CxeMa anropmt™Ma yTOUYHEHUS KOPHS MeToA0M HbloTOoHa

MoancdumumpoBaHHbii MeToa HbloTOHa (MeToA ceKkyLmx)

B 3TOM MeToAe ANs BblYUCNEHNS NMPOM3BOAHbIX Ha KaXXAOM Llare noncka ucnonb3yeTcs
yncneHHoe anddepeHumposaHue rno dopmyne:

filz) =24

- Az

Torpa pekyppeHTHas dopmyna (4.6) 6yaet umeTtb BUA:

T = .iF In. =T f In.ﬂ'r .
ntl = In T PGy T In T A (e
_f(-rrl]ﬁ-r (4.10)

= In T Flantha)—Flzn)
rae Ar=e

MeTtoa xopa

MeTon OCHOBaH Ha 3aMeHe QYyHKUMK f (x) Ha KaXKAOM Lare novcka xopaon, nepeceyeHme
KOTOpOW C OCblo X AaeT NpubanxeHne KopHs.



Mpu 3TOM B NpOLIECCE NMOMUCKA CEMENCTBO XOPA MOXET CTPOUTLCA:

a) npwu (bVIKCVIpOBaHHOM NIeBOM KOHLe XopA4, T.e. z=a, Toraa HadanbHas To4Ka x.=b (puUC.

4.10a);

6) npu dMKCMpOBaAHHOM MPaBOM KOHLE XOpA, T.e. z=b, TOr4aa HayasjabHas To4yka xo=a (pucC.

4.106);

AT 4Y
1 xo=b -FX xp=a X, -{f
Puc. 4.10.

B pe3ynbTaTe UTepauMOHHbIN NPOLECC CXOXAEHUS K KOPHIO peann3yeTcsl peKyppeHTHOW
dopmynon:

Ans cnydas a)

In-|—1 =TIy —

ansa cnydas 6)

ey f(za)
T flza) — £(b)

(r, —b): (4.12)

Mpouecc Momcka NpoaoSIXAETCS A0 TEX MOpP, MOKa He BbIMOMHWUTCS YCIOBUE
Tntl—Tn| < mmm |h| < 2. (4.13)

MeToa o6ecneymBaeT 6bICTPYH CXOAMMOCTb, €CNU £ (z) £" (z) > 0, T.e. xopAbl GUKCUPYOTCS
B TOM KOHLIE UHTEpBana [a,b], rAe 3HAaKN YHKLUUU £ (z) U ee KpUBU3HbI £" (z) COBMNaaaloT.

CxeMa anroputMa yTOUYHEHUS KOPHA MeTo4oM xop/ npeacrtassieHa Ha puc. 4.11.
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Sf=dfa)
fa=dafa)

Her @ Oa
x=a x=b
z=b zZ=a

l [

|

Jz=d(z)
]

S=d(x)
I

o =2 S
Sk
x=x-h
<>
HOa
S=d(x)

Puc. 4.11. Cxema anroputMa yTOUYHEHUS KOPHS METOAOM XOpJ,



5. Jlekuyusa: KoMmnboTepHoe MMUTaLMOHHOEe MoaennpoBaHme. CtaTucTtmuyeckoe
MMNTaUMNOHHOE MoaeimpoBaHue

KoMnboTepHOE MoaennpoBaHue Kak HOBbIN MeToA Hay4HbIX nccnenoBaHUM OCHOBbIBAETCS
Ha:

=

NMOCTPOEHMMN MaTEMATUYECKUX MOoAEeNeNn AJsl ONMCaHMS N3ydaeMblX NMPoLEeCCoB;

2. VWCMonb30BaHMN HOBEWLIMX BbIYNCAUTENbHbLIX MallMH, 061a4atoWmnx BbICOKNM
6bicTpoaencTemeM (MUNMOHBLI ONepauunn B CEKYHAY) U CNOCOBHbIX BECTM Ananor C
YEN0BEKOM.

CyTb KOMMbIOTEPHOIO MOAENMPOBAHUSA COCTOUT B CNeAyloweM: Ha OCHOBE MaTeMaTUYeCcKom
MOJZIENN C NMOMOLLbI0 DBM npoBoaMTCS cepus BblUYUCINTENbHbIX SKCMNEPUMEHTOB, T.€.
NccnenyTcs CBOMCTBa 06bEKTOB MM NMPOLECCOB, HAXOASTCA X ONTMMasbHbIe MapaMeTpbl U1
pexuMbl paboTbl, YyTOUHSETCA MoAeNb. HanpuMmep, pacnonaras ypaBHEHUEM, OMUCbIBAKOLWMUM
npoTeKaHne Toro UM MHOMo NPoLEecca, MOXHO U3MeHS ero Koad@ULUMEHTbI, HauyabHbIE U
rpaHMyYHble YCIOBUS, UCCNIeA0BaTh, Kak NMpu 3ToM 6yaeT BecTn cebsl 06beKT. MMUTaLIMOHHbIE
MoAesn - 3TO NPOBOAMMbIE HA DBM BbIUMCIIUTENbHbIE SKCMEPUMEHTbI C MAaTEMATUUYECKUMU
MOAENSAMU, UMUTUPYIOLLUMU NOBENEHNE peanbHbIX 06BEKTOB, NPOLIECCOB UM CUCTEM.

PeanbHblie npoueccbl U CUCTEMbI MOXXHO UCCieaoBaTb C NMOMOLWbIO ABYX TUMOB
MaTeMaTUUYECKUX MOAENEN: aHANUTUUYECKUX N UMUTALMOHHBbIX.

B aHanuTuyecknx moaensx rosegeHmne peanbHbix npoueccos n cuctem (PMNC) 3apaetcs B
BUAe SABHbIX PYHKUMOHANbHbIX 3aBUCUMOCTEN (YpaBHEHUN IMHENHBIX MW HENMHENHDIX,
avddepeHumanbHbiX UK MHTErpasibHbIX, CUCTEM 3TUX YpaBHeHWI). OgHaKo Nony4nTb 3TU
3aBMCUMOCTU yaaeTcs TONbKO ANg cpaBHUTeNbHO npocTbixX PMC. Korga gaBneHus crioXHbl U
MHOroobpasHbl uccinegosaTento NPUXOAUTCA MATK Ha YNPOLLEHHble NpeacTaB/ieHNs CNOXHbIX
PMC. B pe3ynbTaTe aHanMTU4eckas Moaesib CTAHOBUTCS C/MLWIKOM rpy6biM NpnbnmxeHnem K
AencTemtenbHoCTU. Ecnum Bce xe ansa cnoxHbix PMC ygaeTcs noayymtb aHanMTnyeckue
MoZesnin, TO 3a4acTylo OHM NpeBpaLlaloTCsa B TPYAHO paspewwmnmyto npobnemy. Nostomy
nccnenoBaTenb BbIHYXAEH YacTO UCMOb30BaTbMMUTALMOHHOE MOAENPOBAaHME.

UMUTaLUnMoHHOE MoAenMpoBaHMe NPeACTaBIsSeT CO60iM YNC/IEHHbI METOA NPOBEAEHMS Ha

9BM BbIUUCIIUTENbHbIX 3KCMEPUMEHTOB C MAaTEMAaTUUYECKUMU MOAENSAMU, UMUTUPYIOLLUMU
noBefleHNe peanbHbiX 06BEKTOB, NMPOLLECCOB U CUCTEM BO BPEMEHM B TEUEHUM 3a4aHHOI0
nepuoda. Mpu aToM dyHKUMOHUpPoBaHue PMC pa3buBaeTcs Ha aeMeHTapHble ABEHMUs,
noaACUCTEMbI U MOAYNUN. DYHKLMOHUPOBAHUE STUX SNIEMEHTAPHbIX ABIEHWUIA, MOACUCTEM U
MoAaynei onucbiBaeTca HabopoM anropuTMOB, KOTOPblE UMUTUPYIOT 31IEMEHTAPHbIE SIBNIEHUS C
COXPaHEHMEM UX JIOTMYECKON CTPYKTYpbl U NOCNeA0BaTeNbHOCTU NPOTEKAaHUS BO BPEMEHMU.

mutaymoHHoe MoAe/IMpoBaHue - 3TO COBOKYMNMHOCTbL METOAOB anropuTMmsannm
PYHKUNMOHMPOBaAHNA 06BEKTOB UCCAeA0BaHWUN, NPOrpaMMHON peann3aumn anropuTMMYecKnx
onncaHwWi, opraHnsauum, NIaHUpoBaHUA U BbINONHEHUA HA DBM BblUNCANTENBHBIX
3KCNEPUMEHTOB C MaTeMaTUUYECKMMU MOAENAMUN, UMUTUPYOWKNMN dyHKUMOHMpoBaHue PIC B
TeyeHUn 3aJaHHOro nepuojaa.

Mog anroputMmsaumen pyHkUmMoHnposaHums PINC noHnMaeTcs noonepaulmMoHHOE onmcaHme
paboTbl Bcex ee MyHKLMOHANbHbIX NOACUCTEM OTAENbHbLIX MOAYJ1ElN C YPOBHEM AeTanm3sauum,
COOTBETCTBYHOLLEM KOMMEKCy TpeboBaHuii K Mogenu.

"MmutaymoHHoe mogennposaHmne” (UM)- aTo ABOMHOM TepMUH. "UMntauma" v
"MopennpoBaHue" - 3T0 CUHOHUMbI. PakTndecku Bce 061acTu HayKnM U TEXHUKN SBASIOTCS
MoAeNsAMU peasnbHbIX NpoueccoB. YTobbl OTANUYUTL MaTeMaTnyeckme Moaenu Apyr ot apyra,
nccnegosaTenu ctanu faBatb UM AOMOSHUTENbHbIE HAa3BaHUA. TEPMUH "UMUTALMOHHOE
MozenupoBaHue" o3HadaeT, YTO Mbl UMEEM Aeflo C TaKUMU MaTeMaTUYeCKUMN MOAENSMU, C
MOMOLLbIO KOTOPbIX HENb34 3apaHee BbIYNCAUTbL UKW NnpeackasaTb NoBeAeHNe CUCTEMbI, a



Ana npeackasaHna noBeaeHna CUCTEMDbI Heo6XoaANM BbIUMCITNTENbHbIN 3KCNEPUMEHT
(VIMVITaLI,VIFI) Ha MaTeMaTU4ecKon moaenu npn 3a4aHHbIX MCXOAHbIX AAHHbIX.

OcHoBHOe gocTtonHcTeo UM:

1. BO3MOXHOCTb OMNUCaHWNSA NOBEAEHMS KOMIMOHEHT (3/1EMEHTOB) MPOLIECCOB UIN CUCTEM
Ha BbICOKOM YPOBHE ZeTanunsauuu;

2. OTCYTCTBME OrpaHMYeHUn Mexay napameTpamu MM n cocTosSSHMEM BHELLHEN cpeabl
PMC;

3. BO3MOXHOCTb MCCNEAOBaHUA AMHAMUKN B3aUMOAENCTBMS KOMMOHEHT BO BPEMEHU U
NpPOCTPaAHCTBE NapaMeTpPOB CUCTEMbI;

OTn AOCTOMHCTBA obecrneunsatoT MMUTAUNOHHOMY METOAY WNPOKOE pacrnpoCTpaHEHUE.
PekoMeHayeTCA UCNONb30BaTb UMUTALMOHHOE MOAETMPOBAHME B CNEAYIOLWUX CayYvaaX:

1. Ecnu He cywecTBYyeT 3aKOHYEHHOM NOCTaHOBKM 3a4a4M UCCeAoBaHUS U naet
npouecc no3HaHMsa obbekTa MoaenMpoBaHua. IMUTaLUMOHHAs MoAeEs b CNYXUT
CPEeACTBOM U3YYeHUs SABJIEHUS.

2. Ecnn aHanuTudeckme MeToAbl UMETCS, HO MaTeMaTUYecKmne NpoLecchl CAOXHbI U
TPYAOEMKU, U UMUTALNOHHOE MOAEINPOBaHue AaeT bonee nNpocrtoi cnocob pewerHus
3ajaun.

3. Koraa Kpome oueHKU BINAHUA napaMeTpoB (MepeMeHHbIX) npouecca Uan CUCTEMbI
»KenaTenbHO OCyLWwecTBUTb HabntoaeHne 3a noBegeHNEM KOMMOHEHT (3/1€MEHTOB)
npouecca nnm cuctemsbl (MC) B TeueHne onpeaeneHHoro nepuoaa.

4. Korpa mmmutaymoHHOE MOAEINPOBaHME OKa3blBAETCS eAMHCTBEHHbIM CNOCO60M
ncceoBaHUs CNOXHOM CUCTEMbl M3-3a HEBO3MOXHOCTU HabntogeHnsa aBneHuin B
peasnbHbIX ycoBuax (peakuum TepMosaepHOro CUHTe3a, ucciegosaHus
KOCMWYECKOro NpoCTpaHCTBa).

5. Koraa Heo6xoAMMO KOHTpOAMpOBaTb NpoTEKAHWE NPOLLECCOB UM NOBeAEHUE CUCTEM
nyTem 3amMenneHns Uanm yCKopeHuns siB1eHUN B XO04e NUMUTALLUN.

6. lMpn NOAroTOBKE CMeumanmcToB AJ19 HOBOM TEXHUKWN, KOrAa Ha MMUTALMOHHbIX
mogesnsix obecrneunBaeTcs BO3MOXHOCTb NpMobpeTeHMs HaBbIKOB B 3KCMN/lyataunm
HOBOMN TEXHUKMW.

7. Korpa nsydatoTcsa HoBble cuTtyauum B PMC. B 3TOM cny4dae MMUTauusa CayxuT ans
MPOBEPKM HOBbIX CTpaTernm n npaBui NpoBeaeHns HaTYpPHbIX SKCMEePUMEHTOB.

8. Koraa ocoboe 3HaveHMe nMeeT NocnenoBaTesibHOCTb CO6bITMIN B NpoeKkTupyemblx MNC
M MoAeNlb NCNOob3yeTca A9 Npeacka3aHus y3Kux MecT B pyHKumnoHnposaHum PIIC.

OaHako UM Hapsay € AOCTOMHCTBAMU MMEET U HeAO0CTaTKU:

1. PaspaboTtka xopowen MM yacto 06xoanTcs 4opoxe co3haHUs aHaNMUTUYECKO Moaenm
n TpebyeT 60NbLIMX BpeMEHHbIX 3aTpar.

2. Moxet okasaTtbcsl, 4To MM HeTouHa (4TO H6biBaeT 4acTo), U Mbl HE B COCTOSIHUM
N3MepUTb CTerNeHb 3TON HETOYHOCTMU.

3. 3auvacTyto nccnegosartenn obpawatTca K MM, He npeacTtasnsasa Tex TPyLAHOCTEN |, C
KOTOPbIMW OHW BCTPETATCS M COBEpPLUAOT NpWM 3TOM psj OWKNOBOK MeToA0/10rMYecKoro
XapakTepa.

N Tem He MeHee VM aBnsaeTca o4HUM M3 Hanbosiee LWMPOKO UCMOSb3YEMbIX METOA0B NpU
peleHnn 3a4ay cMHTe3a N aHanmsa CNoXHbIX NPOLECCOB N CUCTEM.

OAHVM 13 BUWAOB UMUTALIMOHHOIO MOAEINPOBaHUS ABNAETCA CTaTUCTUUYECKOE MMUTALMOHHOE
MozenupoBaHue, No3sonstoLLee BOCNPOU3BOANTbL Ha 3BM pyHKLUMOHUPOBAHUE CNOXHbIX
C/lyYalHbIX MpPOLLEeCCOB.



[Mpn nccnenoBaHMM CNOXHbBIX CUCTEM, MOABEPXKEHHbIX CﬂyqaﬁHblM BO3MYLLEHUAM
MCNONIb3YTCA BEPOATHOCTHbIE aHATUTUYHECKNE MOAENTN U BEPOATHOCTHbIE MMUTALIMOHHbIE
moaesn.

B BEPOATHOCTHbLIX @aHANIUTUUYECKMUX MOAENSX BAUSHUE CNyYaliHbIX (haKTOPOB y4YMTbIBAETCH C
MOMOLLbIO 3aZlaHNS BEPOSATHOCTHbBIX XapaKTEPUCTUK CAyYalHbIX MPOLEeCcCOB (3aKOHbI
pacnpeneneHus BEpOSITHOCTEN, CNeKTpanbHble MNOTHOCTU UM KOPpPensunoHHble GyHKLUN).
Mpy 3TOM NOCTPOEHNE BEPOSTHOCTHbLIX aHANUTUYECKNX MoAenen npeacrasnsier cobon
CNIOXHY0 BblUMCINTENBbHYIO 3adady. [03ToOMy BEPOSITHOCTHOE aHanMTM4Yeckoe
MoAENMpPOBaHME UCMOMb3YIOT AN U3YYEHUSI CPABHUTENBbHO MPOCTbIX CUCTEM.

MogMeuveHo, UTO BBEAEHME CﬂyanIHbIX BO3MYLLI,eHVIl7I B UMUTaynoHHbIE MoA4€EJ/IM HE BHOCUT
NMPpUHUUNNAlbHbIX YCJ'IO)KHeHVIl‘/JI, MO3TOMY nccnegoBaHMe CIOXHbIX CﬂyanIHbIX npoueccos
npoBOANTCA B HACTodWeEe BpeEMA, KaK npaBuno, Ha MMUTaLUNOHHbIX MOAETIAX.

B BepOSATHOCTHOM UMUTALMOHHOM MOAEMPOBaHMNM ONEPUPYIOT HE C XapaKTepUCTMKaMmn
C/ly4YalHbIX MPOLLECCOB, @ C KOHKPETHbIMWU C/TyYalHbIMM YNCAOBbIMM 3HAYEHUSMWN NMapaMeTpoB
MNC. Mpw 3TOM pe3ynbTaTbl, MNOJIYYEHHbIE MPU BOCNPON3BEAEHNN HA MMUTALNOHHOM

Mozesin paccMaTpmMBaEMOro npoLlecca, SBagiTCa CnydyanHbiMn peanunsaumamu. Mostomy ansd
HaxoXAeHns 06BbEKTMBHbBIX U YCTONUYMBBIX XapaKTepuCcTUK npouecca TpebyeTtcsa ero
MHOIOKpaTHOE BOCMNPOM3BEAEHME, C MOCNEAYIOLWEN CTaTUCTUUYECKOM 06paboTKON NOMYyUYEHHbIX
AaHHbIX. IMEHHO MO3TOMY MccnenoBaHMeE CNOXKHbIX MPOLLECCOB M CUCTEM, NOABEPXEHHbIX
C/ly4YaliHbIM BO3MYLUEHMSAM, C MOMOLLbID UMUTALMOHHOIrO MOAEINPOBAaHMS NPUHATO Ha3blBaTb
CTaTUCTU4YECKMM MoaeNnpoBaHNEM.

Cratuctnyeckas Modenb Cly4darHoOro npouecca - 3To aJropuTM, C NOMOLLbI KOTOPOro
UMUTUPYIOT paboTy CNOXXHOW CUCTEMbI, MOABEPXKEHHOWN C/TyYaMHbIM BO3MYLLEHUSIM;
UMUTUPYIOT B3aMMOAENCTBME 3/IEMEHTOB CUCTEMbI, HOCSLLMX BEPOATHOCTHbBIN XapakTep.

Mpw peanunsaumn Ha 3BM CTaTUCTUUECKOrO MMUTALIMOHHOIO MOAE/INPOBAHMUS BO3HUKaeT
3aga4ya nonydeHus Ha DBM cryyamHbIX YMCAOBbIX NOCeA0BaTEIbHOCTEN C 3a4aHHbIMU
BEPOSATHOCTHbIMU XapaKTEPUCTMKAMN. YNCNEHHbIN METOA, peLlaloLWnn 3agady
reHepmMpoBaHUSa NOCNeA0BaTENIbHOCTU CllyYanHbIX YMcen ¢ 3agaHHbIMM 3aKOHaMM
pacnpegeneHns, nNoay4ynn HaseaHue "MeTo CTaTUCTUYECKUX ncnbiTaHnin" nnm "mMeton
MoHTe-Kapno".

Tak kak meToad MoHTe-Kap/qio KpoMe CTaTUCTUYECKOrO MOAENMPOBAHUS UMEET NMPUNoXEHNE K
PS4y YMCNEeHHbIX MeToAoB (B3ATUE MHTErpanoB, peweHne ypaBHeHUn), To uenecoobpasHo
WMETb pasfiInyHble TEPMUHDI.

UTak, cTatuctmyeckoe MoaenmpoBaHue - aTo cnocob N3yydyeHunsa CNI0XKHbIX npoueccoB U
CnUCcTteM, noaBep>XeHHbIX Cﬂy‘-laﬁHblM BO3MYyLLEHNAM, C NTOMOLWbIKO MMUTALIMOHHbIX Mozenen.

MeTon MoHTe-Kapno - 3TO YMC/NIEeHHbIN METOA, MOoAeNnMpyowmnin Ha 3BM nceBgocny4daiHble
4nCnoBble NocneaoBaTesIbHOCTU C 3a4aHHbIMU BEPOATHOCTHLIMU XapaKTeEPUCTUKAMN.

MeToauKa CTaTUCTUUECKOro MoAennpoBaHmMAa COCToOUT U3 Cneayruwmnx 3Tanos:

1. MogenupoBaHue Ha DBM ncesaocnyyanHbiX nocnenoBaTelbHOCTEN C 3a4aHHOMN
Koppensuunen 1 3aKoHOM pacnpeaeneHus BeposaTHocTen (MeTon MoHTe-Kapno),
UMUTUPYIOLWMX Ha DBM cnyyaliHble 3Ha4YeHNs NapaMeTpPoB NpU KaXA0M UCMbITaHUN;

2. TlpeobpazoBaHne NosyYeHHbIX YNCIOBbIX MOCeA0BaTEIbHOCTEN HA UMUTALMOHHbIX
MateMaTuyeckux Moaesnsix.

3. Cratuctnyeckas obpaboTtka pe3ynbTaToB MOAENNPOBAHUS.

O606LWeHHbIN anropuTM MeToda CTaTUCTUYECKUX UCMbITaHUN NpeacTasneH Ha puc. 5.1.
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6. Jlekuma: Cny4yaiHble cO6bITUSA, C/lyYaliHble BeJINUMHbI. X 3aKOHbI
pacnpepaesieHUs U YNCJ/I0Bble XapaKTEPUCTUKU: Bepcusa ana nedatu n PDA

CnyyaiHoli Ha3blBaloT BE/IMUMHY, KOTOpas B pe3ysibTaTe UCMbITaHUS NPUMET OAHO U TOJIbKO
0[HO BO3MOXXHOE 3HaUYeHUe, Hanepea HENM3BECTHOE M 3aBUCALLEE OT C/lyYaliHbIX NPUUYMH,
KOTOpbl€ 3apaHee He MOTyT 6bITb YUTEHbI.

0603HauMM: X, Y, Z — CAyYalHble BEAUNYUHDbI
Xi, Vi, 2Zi — BO3MOXHble 3HAYEHUSA ClTyYaNlHbIX BENNYNH.

JnckpeTHon (NpepbiBHOWM) Ha3biBAKOT CAIyYaMHYIO BEIMYMHY, KOTOpPas NPUHMMAET OTAE/bHbIE

BO3MOXHble 3HaueHuss Tirl = Lin ypyi=1,00 C onpeaeneHHbIMU BEPOATHOCTAMMU.

HenpepbIBHOM Ha3bIBaAKOT ClyYalHY0 BENYMHY, KOTOpas MOXET NMPUHUMaTb BCE 3Ha4YeHUs
W3 HEKOTOPOro KOHEYHOro Unn 6eCKOHEYHOro NpoMexXyTKa. YMCN0 BO3MOXHbIX 3HAaYEHNN
HenpepbIBHOW CNy4YanHOW BEIMUYMHBI, HE3aBUCUMO OT BESIMUYMHBLI NpOMeEXYyTKa, 6eCKOHeYHOo

ri,1=1,00

Ong 3agaHna AUCKPETHOM CNy4YanHON BENNYMHBLI HEAOCTAaTOYHO MEPEeYnNCcInTb BCe ee
BO3MOXHbl€ 3HAaYEHUS, HYXXHO yKa3aTb elle U UX BEePOSTHOCTb.

3aKoHOM pacnpefeneHus AUCKPETHOW CllydalHOW BEIMUYMHBI Ha3blBalOT COOTBETCTBUE MeXAY
ee BO3MOXHbIMU 3HAaYEHUSAMU U BEPOATHOCTAMU UX NOSBNEHUS. 3aKOH pacnpeaeneHus
MOXHO 3aaaTb TabnnyHo, aHanuTuyecku (B Buae cdopmynbl) u rpadumyeckn (B Buae
MHOroyroflbHUKa pacnpeneneHus).

TabnnuHoe 3aaHne 3aKoHa pacnpeeneHus:
XI1T2...Tn — Bo3moxHble 3HAUCHUS ClIyUYaHON BENUUYMHDI;

Ppipz...pn — BEPOSITHOCTM MOSIBNEHWUS CITyYaiiHON BEMUUMHBI.

AHanuTM4yeckoe 3aJaHne 3aKoHa pacnpeaenenuns:

BuHoMManbHoe pacnpeneneHue, onpeaensieMoe 3aKkoHOM bepHynnu
P,(k) = Crpkgn"

k=0, 1, 2, .., n— KOJIMYECTBO BO3MOXHbIX NOABNEHUIN COObITUN
g = 1-p — BEPOSATHOCTb He NosABAEHUS CObbITUM.

Pacnpenenenune lNyaccoHa, onpeaenseMoe acMMnToTUYECcKon dopmynon MNMyaccoHa:

}I.l'c . E“_}l

Pﬂ rr'lr".fl = ;' ]

roe:



A - UHTEHCMBHOCTb NOTOKA COBLITMIA.

padumyeckoe 3agaHMe 3aKOHa pacnpeneneHus npeacraBaeHo Ha puc.6.1.

P (‘x4> p4)

(%2, P2)

Puc. 6.1.

Cnocob onucaHusa pacnpeaenenHns cay4YyalHon BeMYMHBI B Buae Tabnuubl, B Buae Gopmysbl
WIn rpauyecky NpUMEHMUM TONbKO ANS AUCKPETHbIX C/yYarHbIX BENUYMNH.

NHTerpanbHaa dyHKUMA pacnpeneneHums no3BosieT 3a4aTh Kak AUCKPETHYH, Tak U
HEMNpPEPbLIBHYIO CIyYalHYIO BEUYUHY.

NHTerpanbHas dyHkumns pacnpegeneHns (M®P)— ato dyHKUMS F (x), onpeaensowas ans
Ka>4o0ro BO3MO>XXHOIo 3Ha4eHnda x BEPOATHOCTb TOro, 4To CﬂyanIHaH BENMNYMHA X NMPUMET
3Ha4yeHMe MeHbllee x, T. €.

F(r) =P(X < 1).
FeoMeTprUUYEecKUiil CMbICT UHTErpanbHON GYHKLMM pacnpeaeneHns — 3To BEpOSTHOCTb TOro,

4TO cnyqaﬁHaﬂ BEMNYMHA X NPUMET 3HAYEHNE, KOTOPOE Ha UMCIOBOW OCK NEeXUT neBee
TOYUKUN x.

CBoncTBa MHTErpasbHOM GYHKUMKW pacnpeaeneHms:

1. 3HauyeHus uHTerpanbHOM GyHKUUKW pacnpeaeneHus npuHaanexar

otpesky [0;1]: 0= F(z) < 1.

2. BeposATHOCTb TOro, YTO C/y4alnHas Be/MYMHaA X MPUMET 3HAYEHUE, 3aK/TIOYEHHOW B
WHTepBane (a,b), paBHa NpUpaLLEHUNIO UHTErpanbHOM PYHKUMN pacnpeneneHms Ha
3TOM UHTepBane

Pla< X <b) = F(b)-F(a).

3. Ecnu Bce BO3MOXHblE 3HAYEHUA x CYy4YalHOW BEMYMNHbBI MpUHaanexarT
WHTEepBany (a, b), TO

F(z)=0 r < a

,ecnm =ty

F(r)=1

cecnm T = b.

Npacpmk NOP HenpepbiBHOM Cy4YaliHOM BeNWU4YMHbI NPeACTaB/ieH Ha puc. 6.2
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Puc. 6.2. 'padpmnk NOP HenpepbIBHOW C/Ty4YamHOM BENNYUHBI

Mpadmk NOP gnckpeTHOM CrlyyanHoi BEeNMUYMHbI NpeacTaBneH Ha puc. 6.3

FCX)

A

P Py Ps =
0 x X X3 - X

Puc. 6.3. padpunk MOP anCKpPETHOM CyYanHOW BENNYUHDI

Onsa onucaHna pacnpeaeneHns BeposATHOCTEN HENPEPbLIBHOW CYYalHOW BENUYUHbI
nucnonblyercsa auddepeHumnansHas QyHKUMS pacnpeaenenms.

OnddepeHunanbHasa dyHkumsa pacnpegenenns (APP) (mnm nAOTHOCTb BEPOSTHOCTM) — 3TO
nepsas Npon3BoAHas OT UHTErpanbHON PyHKUNU.

flz) = F'(z)
NHTerpanbHas dyHKUMS pacnpeneneHus aBnsetcsa nepsoobpasHon ans anddepeHumanbHoOn
dyHKUNM pacnpegeneHns. Toraa

Hﬂ:fﬂﬂm:ppmﬂxﬂ@,

BeposTHOCTb TOrO, UTO HenpepbIBHas CyvyanHas BenyMHa X NPUMET 3HavyeHue,
npuHaanexatiiee nHTepsasny (a,b), paBHa onpeaeneHHOMY UHTerpasny oT
avddepeHumanbHONn MyHKUNK, B3ATOMY B npegenax oT a A0 b:

b
P&glgﬂ:fﬂﬂ&,

FeomeTpuyeckunit cMbicn PP cOCTOUT B CieAyoLWeM: BEpPOSATHOCTb TOro, YTO HenpepbiBHas
Cny4dyanmHas Benn4ymMHa X NPUMET 3Ha4YeHne, npuHaanexallee nHTepesany (a, b), paBHa
naowWwaam KpuBoJMHENHON Tpaneuumn, OrpaHMYEHHOM OCbIO x, KPUBOW pacnpeaenenms £ (x) u

MpaMbIMKU x = a u x = b (puc. 6.4).
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Puc. 6.4.

Mpacduk anddepeHumanbHON GYHKUNM pacnpeneneHms NpMHSTO Ha3biBaTb KPUBOM
pacnpeaeneHus.

CeorictBa anddepeHumanbHON PyHKLUUU pacnpeneneHns:

1. OnddepeHumnanbHas GyHKUUS pacnpeaeneHns HeoTpuLaTenbHa, T. €. f(z) =0
2. Ecnu BCce BO3MOXHbIE 3HAUYEHUS C/TyYaNHOW BEIMUMHbBI MPUHAANEXaT MHTepBany (a,
b), TO

b
ff[.rjtf.r = 1.

Tak kak ancddepeHumanbHas QyHKUNS pacnpeaenenHuns pasHa £ (x)=F’ (x), TO MOXHO
3anucaTtb

F(r+ Axr)-F(zx)
Ax

flz) = lim JAr — 0, (6.1)

T. €. Npefen OTHOLEHNS BEPOSITHOCTU TOFO, YTO HEMpepbiBHaA cly4dyanHas BefMymMHa npuMeT

3HauYeHve, NpUHaAexallee UHTepBany (r +Az) JJIVHE 3TOoro
WHTepBana Ar (npu Ar — D), paBeH 3HavyeHuto auddepeHunanbHoOn yHKUNK
pacnpeAeneHus B TOUKe x.

AHanormnyHoe (6.1) onpeneneHne AaeTca B MeEXaHUKe Ans onpeaeneHus naoTHOCTU Macchl B
Touke (ecnu Macca pacnpenesieHa BAoSib 0cu X NO 3aKOHY F (x) ), MO3TOMY B TeOpUM
BEPOATHOCTU And AnddepeHumnanbHoOn MyHKUMU pacnpeaenenms £ (x) 4acTo MCMNofb3yeTcs
TEPMUH "MSIOTHOCTb BEPOSATHOCTU B TOYKe".

Ha ocHoBaHuu (6.1) 3anuwem:
Flr+ Ar)— F(r) = f(z) - Ar (6.2)

BepoATHOCTHbIM cMbIcn AnddepeHunanbHOM GyHKUMKN pacnpeneneHns Ha ocHoBaHuu (6.2)
TaKoB: BEPOSAITHOCTb TOrQ, YTO C/ly4yamHas BeIMYMHA NPUMET 3HaYeHue NpuHaanexalee
MHTepBany '-{.Ia T+ i\r) NpnbANXXEeHHO paBHa NPoOM3BeAEHUIO NJIOTHOCTM BEPOSTHOCTHM B
TOUKE x Ha AJIMHY UHTepBana AT yan (Ha rpadumke) nnowaan NpAMoyrosibHUKa C
OCHOBaHueM Ar M BbICOTOM f (x).



OnddepeHumnanbHyo GyHKLUIO pacnpeaeneHns 4acTo Ha3bliBaloT 3aKOHOM pacrnpeaeneHus
BEPOSTHOCTEN HEMPEPbIBHbIX C/TyYaliHbIX BETUUNH.

MNpu pelleHnn NpuKNaaHbIX 3a4a4 CTasIkKUBAOTCSA C pas/IMYHbIMU 3aKOHaMK pacrnpefeseHns
BEPOSATHOCTEN HEMPEPbIBHbIX C/TyYalHbIX BEMUYMH. YacTo BCTpeYaroTCcs 3aKOHbI
pPaBHOMEPHOro U HOpPMasibHOro pacnpeneneHus.

MpumeyaHme. OTMETMM, YTO 3aKOHOM pacrnpeneneHns BepoaTHOCTEN ANCKPETHbLIX CNyYanHbIX
BEJINYMH, Ha3bIBalOT COOTBETCTBME MEXAY BO3MOXHbLIMU 3HAYEHUSIMU ANCKPETHON CNyYaiHOM
BEJINYMHbBI N BEPOSITHOCTSIMU UX MOSIB/IEHUS. BEPOSTHOCTM MOXHO 3a4aTb TabanyHo,
aHanuTunyeckun (bMHoMmManbHoe pacnpeaeneHune no gopmyne bepHynnu, pacnpeneneHme
MyaccoHa) nnn rpadmyeckn (B BUAE MHOIOYrosibHMKa pacnpeneneHns).

3aKOH paBHOMEPHOIro pacnpeneneHns BeposTHOCTEN HENPEpPbIBHOM C/Ty4alHOMW BEIMUMHbI
NCNonNb3yeTcs Npy MMUTALMOHHOM MOAEMPOBAHNKN CITOXHbBIX CUCTEM Ha DBM kak
nepBoHa4vasbHas OCHOBa A MOJlydeHns BCeX HeobxoaAMMbIX CTaTUCTUYeCKMX mogenen. Mpu
3TOM, €C/iM CneumasnbHO HE OFrOBOPEH 3aKOH pacrnpeeneHns cayvyanHbixX 4yncen, To uMeT
BBMAY paBHOMeEPHOE pacnpeaeneHue.

PacnpeneneHue BepoATHOCTEN Ha3bIBAlOT PAaBHOMEPHbLIM, EC/IN Ha MHTEpBane (a,b),
KOTOPOMY MpUHaAsieXaT BCE BO3MOXHbIE 3HAYEHUSA CYyYaiHON BEUYUHDI,

anddepeHumanbHaa GyHKUMS pacnpeaeneHms UMeeT NocTossHHOE 3HaueHue, T. e. £ (x) = C.
Tak kak
b b

flz)dr = | Cdr =1,

1 1
b b—a
] dr

a

OTcioAa 3aKOH PaBHOMEPHOro pacrnpeaeneHnus aHanMTUUYECKM MOXHO 3anucaTth Tak:

( 0,r = a,
flr)={ Zo,a<z=<h,
O,z = b,

Mpaduk anddepeHumanbHON PYHKLNM paBHOMEPHOIro pacnpeneneHnsi BEpOsSTHOCTEMN
npeacrasneH Ha puc. 6.5

SO
1

J@=—

—

o
|
=

0 a b %

Puc. 6.5.


http://localhost:3232/department/calculate/intromathmodel/6/intromathmodel_6.html#image.6.5

NHTerpanbHyt GyHKUMIO paBHOMEPHOrO pacnpeaeneHnst aHalMTUYeCKn MOXHO 3anuncaTb
Tak:

0, ecoin © < a, T.K. 30eck f(r) =

F(r)={ =2, Eoma<z <brxF(r)=[ biﬂ_dr = =
1, ecmi r > b, T.K. F(r) = ::2 =1

MpaduK nHTErpanbHo MGyHKLUUN PaBHOMEPHOrO pacrnpeaeneHms BeEpOSATHOCTEN NpeacTaBieH
Ha puc. 6.6

Fix)
F(x)= ; - z
1
T
> Le »
0 a b X
Puc. 6.6.

3aKoH pacnpeaenenmns NMoIHOCTbIO XapaKTeEPU3YET ClydyanHyto BennunHy. OaHaKko 4acTo
3aKOH pacnpeaesieHns HEM3BECTEH M NMPUXOAMTCS MOIb30BaTbCsl, Tak Ha3blBAaeMbIMMU,
UYMCNOBbLIMU XapaKTEPUCTUKAMM C/Ty4YanHOM BeNUNHbI. K HUM OTHOCATCS:

1. MaTteMaTuyeckoe oXuaaHue M,

2. [Odwvcnepcusa D,
3. CpeaHee kBaapaTU4YHOe OTK/IOHEeHue & .

MaTeMaTnyeckoe oXxunaaHue ,D,VICerTHOVI cnyanHom BEMNYUHBI X — 3TO CyMMa npow3Be,u,eva|

BCEX ee BO3MOXHbIX 3Hauenuii Lir ! = I,n Ha ux BeposiTHocTn Fis =1,n .

M(X)=ripr+z2p24+ ...+ Tnpn. (6.3)

MaTemaTunyeckoe oXxXungaHme HenpepbiBHOMW CNy4YaHON BeAUYUHbI X, BO3MOXHOE 3HayeHne
KOTOPOW MPUHAANEXUT OTPEe3KY [a,b] — 3TO onpeneneHHbln nHTerpan

b
M(X) = f.rff.rjtf.r (6.4)

a

MNocneaHee onpeaenenve (408 HeENpepbIBHOW ClyYaHOW BENMYUHbBI) MONYYEHO Ha
OCHOBaHUW TOro, YTO BEPOATHOCTb NoNagaHus X B UHTepBars Ax npnbNnU3nTENBLHO

5 flz) - Azx.

paBH

MaTeMmaTnyeckoe oXxuaaHue cryvarHon BennymHbl (Kak AUCKPETHOM, TaK U HEMpPEPbIBHON)
eCTb HecnyyalnHasa (NocTossHHas) BennymHa. OHa XapaKTepusyeT cpefHee 3Ha4YeHune

CNy4YanHON BESINYNHDI.

ColicTBa MaTeMaTU4eCcKoro OXXnaaHus:
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M(C)=C — MaTeMaTun4yeckoe oxXxmnaaHne KOHCTaHTbl paBHO CaMOW KOHCTaHTe
M(CX)=C M(X)
M(X-Y)=M(X)-M(Y)

M(X+Y) =M (X) +M (Y)

PN =

BepOFITHOCTHbIﬁ CMbIC/ZT M@TEMATUYHECKOIo OXXngaHma:

MaTemaTnyeckoe oxumaaHue npnbansntenbHO paBHO CpeaHEMY apu@MeTU4ecKoMy
Habno4aeMbIX 3HAYEHUI CNYYaWHOWN BETMYUNHDI:

iy ITia ITL. ~ i B
jlf[i);}l = X = I‘]_-?-I—Ij-?-I—..,-I—I,}'? :I]_r”]_-|—I'3rnj-|—.,,-|—1'j¢ 'H-;H

roe:
my— 4aCTOTa Ha6)'|l0,£l,eHMl71, Wx— OTHOCUTENbHAA 4YacToTa.

Ouncnepcus n cpegHee KBagpaTUYHOE OTK/IOHEHUE — 3TO YMCNOBblE XapaKTEPUCTUKU
C/ly4alHOWM BeNNMYMHbI, KOTOPble MO3BONSIOT OLEHUTb, KaK paccesiHbl BO3MOXHble 3HaUYeHUS
C/ly4alHOW BeNWYMHbI BOKPYT €e MaTeMaTnyeckoro oXuaaHus.

OTK/IOHEHMEM Ha3bIBAOT PA3HOCTb MEXAY 3HaYeHUeM CﬂyanIHOVI BENYUHDI N ee
MaTeMaTU4ECKNM OXUOAHUEM, T. €.

X1 — M(X) .
MycTb 3aKOH pacnpeaeneHnsa AUCKPETHON Cy4YalHON BEMYNHBI U3BECTEH:

X X1 X2 Xn
P P1 P2 Pn

Toraa 3akoH pacnpegeneHnsa OTKJIOHEeHUS 3TOM CﬂyanIHOVI BeEINYNHDbI UMEET BUA:

X-M (X) x1—M (X) X2=M (X) . Xp—M(X)
P P1 P2 Pn

Tak Kak 04HWN BO3MOXHble OTKJIOHEHUSA NONOXUTENbHbI, @ Apyrue oTpuuaTenbHbl, TO
MaTeMaTUUYeCKOe OXuaaHue OTKIOHEeHUs obnagaeTt BaXXHbIM CBOWCTBOM:

M(X - M(X))=0,
T.€. MaTeEMaTUYECKOE OXNnaaHNE OTKJIOHEHNA BCEraa paBHO HYJHO.

MosTOMYy AN9 OLEHKN paccesiHus Cy4yaliHON BETMYMHBI BOKPYr ee MaTeMaTUUYecKoro
0XWAAHUS BbIYUCASIOT KBAAPAT OTK/IOHEHUS CNy4YallHOW BeNIMYMHbI, T. €.

Ouncnepcnen (paccesiHMeM) cnyyamHom BenmnumHbl (Kak AUCKPETHOM, TakK U HENPEPbIBHOM)
Ha3blBalOT MaTeMaTU4eCcKoe OXnaaHue KBagpaTa OTK/IOHEHUS CyYalHOM BeNnYuHbI OT ee
MaTeMaTUYECKOro OXuaaHus.

0Ns AUCKPETHOM CITyYamHOM BEANUMHBIID (X) = M(X — M(X))?2

AN HenpepbIBHOW Cy4YaHOW BENNYUHbI:



/I—JI X))2£(x)dz.

B nocrnegHeM BbipaXXeHUM BCE BO3MOXHbIE 3HAYEHUS CyYaliHOW BEMUYMHbI NpUHaanexar
oTpesKky (a, b).

Oncnepcna cnyyanHom BennuymHbl (Kak OUCKPETHOM, Tak U CNy4YalHOW) eCTb Hecly4dyainHas
(noCcTosiHHaA BENMYMHA).

Mpumep:

AnckpeTHad cnyqaﬁHaﬂ BEIMYMNHA UMEET cne,qy}omwﬁ 3aKOH pacnpegeneHna:

MaTeMaTnyeckoe oXxuaaHue 3TOW Cy4YanHOW BETNYNHDI:
ﬂf[:_l-) =TIl - -I—.I'z - D2 -I—.I's sy = 1 DE-I—E DEI-I—EI 0.2 =273.
KBaapaTtbl OTK/IOHEHM BO3MOXHbIX 3HAYEHUN CNYyYanHON BENNYUHDI:

(11— M(X))? =
(22 — M(X))2
(23 — M(X))?

(1-2.3)% = 1.69,
(2 —2.3)2 = 0.09,
(5 —2.3)2 = 7.29.

3aKoH pacnpefeneHus KBaapaTta OTK/IOHEHUS:

Toraa agvcnepcunsa NpuBeAeHHOW C/lyYanHOM BeNUYNHbI paBHa:
D(X)=169-03+009-05+729-02 =201

Cpe,CI,HVIM KBagpatTn4eCKnMM OTKJIOHEHUEM cnyqaﬁHon BeNNUYMHbI X Ha3bIiBalOT KBa,ClpaTHbIVI
KOpeHb U3 Ancnepcuun, 1. €.

o(X) = v/D(X)

B npvBeaeHHOM npuMmepe cpefHee KBaApaTUYHOE OTK/IOHEHUWE ClyYalHOW BESTIMYMNHBI paBHO:

= D(X) =201 = 14177446,

[N BblUMCNEHNS AMCNEPCUMM YacTo 6biBaeT yA06HO NoJIb30BaTbCS CReayoLei

opMynoii: D (X)=M(x?) - (M(X))?, T. €. AUCNEPCUS paBHA Pa3HOCTN MexAy MaTeMaTUUYECKUM
oXuAaHWeM KBajpaTa C/ly4YalHON BEIMUMHBI U KBAAPaTOM ee MaTeEMaTUUYeCKOoro OXuaaHus.
PaccMOTpuM eLle pa3 npeabiayLwmnii npumep.

OnckpeTHad cnyqaﬁHaﬂ BE€/IMYMHA 3aadHa 3aKOHOM pacnpeaeneHnsa:



MaTeMaTMueckoe OXuaaHue 3TOW Cy4aiHOoW BeIMUMHbI PaBHO:
M(X)=1-03+2-054+5-02=23

3aKoH pacnpeaeneHus KBaapaTta C/lydalnHoN BeNIMUUNHDI, T. €. X2:

MaTeMaTuyeckoe oxuaaHue x2 paBHo:

ﬂ[(lz) =1-034+4+-05425-02=773.

Torga agucnepcust NpuBeAEHHON Cly4YaiHOM Be/IMYMHBI paBHa:
D(X) = M(X?*) — (M(X))* =7.3-(2.3)" = 2.01.

CpeaHee KBaapaTUUYHOE OTK/IOHEHME:

o(r) = /D(r) = v2.01 = 1.4177.
PaccmoTpuM npuMmep, ecnu 3ajaHa HenpepbiBHasa cnyyvyanHasa BennymHa.

MycTb HenpepbiBHasA cnyvyanHasa BeNn4MHa 3ajaHa MHTerpanbHon @yHKUNeNn
pacnpegeneHus:

0, ecmu r < 0,

F.=¢ r,ecmmn0<1<1,
1, ecrn r > 1.

Hangem gnddepeHumnanbHyo GyHKUNIO pacrnpeaenenms:
0, ectw r < 0,

f.= 1, eerm O < r <1,
0, ectuw r > 1.

MaTeMaTnyeckoe oXxugaHme X u X2:

1 1 .
M(X)=[zf(z) - de=[zr-ldr=%|f =1
0 0
1 1
M(X?) = [22f(z) -dz = [22 ldz =% |§ =1
0 0

Torpa:



]

D(X)=M(X*)-(M(X))=32(3)=-
o(z) = /D(X) = /{5 =0.288675.

b | =
N
I-Jl'_

Ecnu paBHOMepHO pacnpefenieHHas ciydaliHas BelndnHa 3aiaHa B UHTepBase [a,b], TO ee
MaTeMaTUyecKoe OXuaaHue, ANCnepcust U cpefiHee KBaApaTMyHOE OTK/IOHEHME paBHbI:

M(X)=1.(a+b),
D(X)=2L.(b—-a)?
L_. fb— th,

243

W

[

o(X) =

CsouncTBa gncnepcumn:

1. D(C)=0

2. D(CX)=C2D (X)

3. D(X+Y)=D(X)+D(Y),
4., D(C+X)=D(X),

5. D(X-Y)=D(X)+D(Y)

CBOMCTBO CpeAHeKBaAPATUUHOIO OTK/IOHEHUS:

o(X +Y+Z)=+e?X)+ (YY) +o2(Z).

3aKOH HOpMaNbHOro pacnpeneneHns BeposITHOCTEN HENPEPbLIBHOM CNyYalHON BEAUYMHDbI
3aHMMaeT ocoboe MecTo cpeamn passinyHbIX TEOPETUYECKNX 3aKOHOB, T. K. ABISETCS
OCHOBHbIM BO MHOIMX MPaKTUYECKNX UCCNeaoBaHUSaX, UM onncbiBaeTcst 60/bWNHCTBO
C/lYYalHbIX SIB/IEHUN, CBA3aHHbIX C MPOM3BOACTBEHHbIMWU NpoLeccamMu.

K cnyyaliiHbiM ABAEHUSAM, NOAYMHSIOWMMCS HOPMAsibHOMY 3aKOHY pacnpegeneHmns, OTHOCATCS
OLWINBKN M3MEepEHUN MPON3BOACTBEHHbIX MapaMeTpoB, pacnpeaeseHme TeEXHOI0rM4Yecknx
MOrpeLHOCTEN N3roTOBNEHUS, POCT N BeC 60MbLIMHCTBA 6Monormyecknx o6beKToB,
pacnpegeneHue napaMeTpoB MJeHOYHbIX Pe3NCTOPOB U Ap.

HopManbHbIM Ha3bIiBalOT 3aKOH pacnpeneneHns BEpOSATHOCTEN HEMPEPLIBHOM CNy4daHoOM
BENMYMHbI, KOTOPbI onucbiBaeTca anddepeHumanbHOn dyHKUnen

]_ _'.'l.'—i.'l.‘2
flr)=—="¢€ = (6.5)
a2

rpe
a - MaTeMaTun4yeckoe oXXnagaHue CﬂyanIHOVI BENNYUHDbI,
o -CpeaHee KBaapaTU4HOE OTKJ/TIOHEHME HOPMAJIbHOIo pacnpeaeneHus.

Mpacduk anddepeHumanbHON GYHKLMM HOPMANbHOro pacnpeaeneHust HasbiBaloT
HOpManbHOM KpusBol (kKpmsok Naycca) (puc. 6.7).
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F(x) # Kpupaa Faycea

¥ 3
v

Puc. 6.7.

CsonctBa HopMasabHOM KpuBOWN (KpuBown Maycca):

(=Y

KpuBasi CUMMETpMYHA OTHOCUTENIbHO NPSAMOM x = a.
HopmanbHast KpuBas pacrnofioXeHa Haj OCbl X, T. €. Npu BCEX
3HaUEeHMSaX X QYHKUUS £ (x) BCErga nosoXuTesbHa.

Ocb X 9BNSIETCS rOPU3OHTAIbHOW acMMMNTOTON rpaduka, T. K.

limf(r) =0

Mpn x = a PyHKUMA f (x) UMEET MaKCUMMYM paBHbIN

1 A
fn:a'r == .
T 2T o

Broukax Amenpn L =2 — 0 , I =a+ 0 ypugas umeer Toukn nepernéa,
opAnHaATbl KOTOPbIX paBHBbI.

1 0.24
fa=fe=———=06 f. = —.
o 2me o

MNpwn 3TOM, BEPOSATHOCTb TOro, UTo abcontoTHas BeMYNHA OTKITIOHEHUS CyYaliHon
BeJIMUNHbBI, pacrnpefesieHHOW HOpMasibHO, OT ee MaTeMaTUYeCcKoro OXuaaHus He
NpeBbICUT CpeHero KBaApaTUYHOro OTKIOHeHUa & , paBHa 0,6826.

B Ttoukax Eu G, npu £ — & — 20 yr=a+20 , 3HaueHne PYHKLUUN £ (x) paBHO

1 _
fe=fe=—=-e"= ;

o/ 2T o

a BEPOATHOCTb TOro, 4To abCcontoTHas BeAMYMHA OTKJIOHEHUS Cly4YalHOMW BESIMYUHDI,
pacnpenesieHHONn HOpMasibHO, OT ee MaTeEMaTUUYECKOro OXWAaHus He NpPeBbICUT
yOBOEHHOro cpefiHero KBaapaTUYHOro OoTKNOHeHUd, paBHa 0,9544.




7. ACMMNTOTUYECKM NMpubNuxasach K ocn abcumcc, KpuBasa lFaycca B TOUKax C U D,

npu £ =4 — Jopr=a+ 35, oYeHb 6M3K0 NoAXOAMT K ocu abcumcc. B aTnx
Toukax 3HauyeHue YHKLWM £ (x) OYEHb Mano

- - J- —I:EI Dm-]:-]:
fe=fp=——¢ ' = ——,
a2 o

a BEPOSITHOCTb TOr0, YTO abCoONOTHAsS BE/IMUYMHA OTKJIOHEHUS C/TYYalHOM BENUYUHbI,
pacnpeneneHHor HOpMasbHO, OT ee MaTeEMaTUYECKOro OXNAAHUS HE MPEBLICUT
YTPOEHHOIro CpeAHero KBagpaTNU4HOro OTK/IOHEeHUs, paBHa 0,9973. DTo CBOWCTBO
KpuBoOW Naycca Ha3biBaeTcs "npaBuao Tpex curm".

N3MeHeHne BeNNUMHBLI NapamMeTpa a (MaTeMaTUYeCKOro OXXnaaHusa Cny4yamHoOm BeNMYMHDbI) He
n3MeHseT GopMy HOpPMasibHOM KPUBOW, @ NMPUBOAUT Wb K €e CMELLEHNIO0 BAOJIb OCU X:
BNpaBO, eCNin a BO3pacTaeT, 1 BNEBO, eC/1n a ybbiBaeT.

Mpn a=0 HOpMasbHasi KpMBasi CUMMETpPUYHA OTHOCUTENIbHO OCU OpAUHaT.

N3MeHeHWe BeNnUMHbI NapameTpa 7 (cpeAHero KBaapaTUUYHOrO OTKJIOHEHUS) UBMEHSIET
¢opMy HOpMaNbLHOW KpUBOI: C Bo3pacTaHneM T opamHaTbl HOPManbHOMW KPMBOM ybbIBaIOT,
KpuBas pacTarMBaeTCs BAOJb OCU X U NPUMXMMAETCs K Hel. Mpu ybbiBaHun & opanHaThl
HOpPMasibHOW KPUBOW YBENMYNBAIOTCS, KPMBasi CKMMaeTCs BAOJIb OCU X U CTaHOBUTCS 6onee
"ocTpoBepLlwMHHON".

Mpw 3TOM, Npun NOb6bIX 3HaUeHnax & n T nnowanb orpaHMYEeHHast HOpMasibHOM KPUBOW U
OCblO X, OCTaeTcs paBHOW eauHuLe (T. e. BEPOATHOCTb TOro, YTO C/lydalHas BeNM4nHa,
pacnpegeneHHass HopMasibHO, NMPUMET 3Ha4YeHMe OrpaHUYEeHHOE Ha OCM X HOPMasbHOMN
KpuBOW, paBHa 1).

HopmanbHoOe pacnpeaeneHne ¢ NpousBosbHbIMU NapameTpamu & n @ | T. e. onucbiBaemoe
avddepeHumanbHON @yHKUNEN

| 1 (e
flo)=—= e =",
' Ty 2T

Ha3blBaeTCsl 06LNM HOPMasibHbIM pacnpeaesieHneM.

HopmanbHoe pacnpeaeneHue ¢ napamerpamm & = Ono= 1, T. €. onucbiBaemoe
anddepeHumnanbHoOn yHKUNEN

\ 1 _=2
(z)=—="¢" 7%, (66)

V2T

Ha3blBaeTCsl HOPMUPOBaHHLIM pacnpeaeneHnem (puc. 6.8). B HopMMpoBaHHOM
pacnpeaeneHnn guddepeHumnanbHas QyHKUMA pacnpeaeneHms paBHa:

fmar =04 fi = fe=02L fo = fp = 0004L: f£ = fo = 0.05.
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AS)

HopnupoBaHHAA KpHEAA

=1, a=0

Puc. 6.8.

NHTerpanbHaa dyHKUMA 06LWEro HopMaabHOro pacnpeaeneHns UMeeT BUA:

F(z) = “dz, (6.7)

e L

NHTerpanbHaa dyHKUNS HOPMUPOBAHHOIO pacrnpeaeneHns UMeeT BUA:

F(r)= e” T dz, (6.8)

1 fra
ﬂx/E‘[—m

r — a

[SH]
Il

a

MycTb cny4daiHas BenmuumHa X pacrnpeaeneHa no HopMasabHOMY 3aKOHY B MHTepBane (c, d).
Toraa BEpOATHOCTb TOrO, YTO X MPUMET 3HAUEHUE, NpUHaanexallee NHTepBany (c
) paBHa

I—Il

Ple< X <d)= 207 dr,

vl

MpoHOpMMpPYEeM 3TO BbipaxeHue. [ 3TOro BBEEM HOBYIO NMEPEMEHHYIO z

Otkypa: L = 0 -2+ a,dr = odz.

HoBble npeaenbl MHTErPUPOBaHUS:

I

c,z =

Ons

Il
=
[]
I
A
|
-1

ans I ! o

Toraa, nocsie HOpMUPOBAHUS, BEPOSITHOCTb TOrO, YTO C/lyYaHas BefIMYMHa X npumeTr
3HaueHue, NpuHagiexallee nHTepsany (c, d) paBHa



d—a
Ple< X <d)= ! fﬁ E_%(-:r-d:):
gy 27 Je=a

d—a c—ua

1 e .2 T .z
= f e dz — / e dz.
2m Jo 0

Monb3ysack pyHkumnen Jlannaca (byHkuma TabynnpoBaHa)

1 * =2
@I:—/ e 2 dz
=7,

OKOH4YaTENIbHO NOoJ1y4YnM

Ple< X <d) =

Mpumep.

CnydaiHas BenmunHa X pacnpegesieHa no HopManbHOMY 3aKOHY. MaTtemMaTu4yeckoe
OXuaaHue n cpegHee KBagpaTUUYHOE OTK/IOHEHME 3TOM C/TyYaMHOW BENMYMHbI
paBHbl a=30 U & = 10 . Haiitun BEPOSATHOCTb TOr0, YTO X NPUMET 3HadeHne B nHTepsane (10,

50).

PeweHnne:

Mo ycnosuio: & = 10:d = 50:a = 30:0 = 10

Torpa

P(10 < X < 50) = @(20=30) _ @(10=30) —
= ®(2) O(=2) =2 D(2).

Monb3ysicb rotosbiMn Tabnuuamm Jlannaca, uMeeMm:

orcona P(10 < X < 50) = 204772 = 0.9544.



7. Nlekuyuna: Metoa MoHTte-Kapno

MNpu peannsaunn Ha DBM cTaTUCTUUECKOro MOAENUPOBaHUA BO3HUKAET 3a4ada nonyyeHms
(reHepupoBaHusa) Ha DBM cnyualiHbIX YNCOBbLIX NMOC/eA0BaTENbHOCTEN C 3a4aHHbIMK
BEPOATHOCTHbIMU XapaKTEPUCTUKAMU, B KOTOPbIX KaXA0€e YNCNO0 — 3TO UMUTALMUA ClydailHoro
3HAUEHMa KaKoro-1nmbo napaMeTpa peanbHOro npoLecca WM CUCTEMbI, NOABEPXEHHOI0O
C/Ty4YalHbIM BO3MYLLIEHUAM,

FeHepupoBaHMe Ha DBM Takux cnyyalHbIX YMCIOBbIX NOCAeA0BaTeNbHOCTEN NONYy4YNIIo
Ha3BaHue "metog MoHTe-Kapsio".

B MaTeMaTuyeckoln nurtepaType 4acTto UCMOIb3YEeTCS TEPMUHbLI "MocneaoBaTeNbHOCTb
C/ly4yarHbIX ymcen" uam npocTo "cny4vanHble yncna'.

OpHako, ecnum NpoaHann3npoBaTb 3TU TEPMUHbBI C HPUIOCOMDCKOM TOYKN 3PEHUS, TO MOXKHO
CMpPOCUTb: a eCcTb JIN Takol 06beKT Kak cny4yarHoe yncno? Ymcno 2 — 310 ciayyanmHoe 4ymcno?
Nnu uncno 17 - 310 cny4ariHoe 4yncno? KoHeyHo, HeT. Ecnm ncnonb3oBaTtb TOYHbIE TEPMUHBI,
TO MOXHO rOBOPUTb TOJSIbKO O C/ly4alHOM Noc/ie0BaTeNbHOCTU YMCEN UM O ClTyYalHOM
3HayeHun napameTpoB. OgHaKo, B fiMTepaType WNPOKO NCMNOJb3yeTCs TEPMUHBI "Cly4daliHble
uncna" n "nocnenoBaTenbHOCTb CAyYalHbIX Yncen", N 3TO O3HAYAET, YTO KaXa0e 4YMco
6bI10 NOSTY4YEHO CaMbIM NMPOU3BOJIbHLIM 06pa3oM, 6e3 BCAKOM CBA3WM C APYFMMU UYfleHaMu
nocneaoBaTesIbHOCTU, N YTO Y HEro ecTb onpeaeneHHasi BEpOATHOCTb OKa3aTbCs B 3a4aHHOM
MHTepBarne.

PaHblue yyeHble, HyXXaaswmecs ans csoen paboTbl B CNy4YalHbiX Yncnax, packnaabisaium
KapTbl, 6pocann KOCTU UAn BbITaCKMBaNM LWapbl U3 YPHbI, KOTOPYIO NpeaBapuUTeNbHO Kak
cneayet Tpsacnu. B 1927 rogy J1. TunneTtTt onybamkosan Tabnuubl, coaepxauwme cabiwe 40
000 cnyyalHbIX yncesn, B3aTbiX MPOM3BOJSIbHO U3 OTYETOB NO nepenucu. Mo3sxe 6bin
CKOHCTPYMpPOBaHbI CrieymanbHble MallnHbl, MEXaHUYeCKM BbipabaTbiBatoLwme ciyyanHble
uncna. B 1955 rogy komnanms RAND Corporation onybnvkoBana XOpoLwo U3BECTHbIE
Tabnnubl C MUIIMOHOM CY4YaMHbIX YMCeN, NONYYEHHbIX OAHOW M3 TaKNUX MalLWH.

MNMocne coszgaHns 3BM Hayanncb Nonckn a@PeKTUBHbLIX anropmTMoB NMosyyYeHns
(reHepupoBaHMsa Ha DBM) nocnenoBaTeNibHOCTEN C/TYYaWHbIX YMCEN, NPUrOAHbIX ANs
MnporpaMMHON peanusauymu.

MNocnenoBaTeNbHOCTM ClyYaliHblX Yncen, BbipabaTbiBaeMble IETEPMUHUCTCKUMU cnocobamu
(T. €. C NOMOLLbIO CNeLumanbHbIX anropuTMOB) Ha3bIBalOTCA NMCEBAOC/TYUYANHBIMU UK
KBasucy4dalHbiMU. B ganbHelweM Mbl 6yAeM X HasbiBaTb NPOCTO Cy4YaliHbIMK
NnocneaoBaTeNbHOCTAMM, NOHUMAs, YTO OHM MPOCTO NPOU3BOAAT BreYaTNeHne cny4vaiHbiX.

3apavy reHepupoBaHus Ciy4dasniHbix Ynces Ha DBM ¢ 3agaHHbIM 3aKOHOM pacrpegeneHuns
peLwarT B HECKOJIbKO 3Taros:

BHa4dane nony4aloT nocsenoBaTesibHOCTbL paBHOMEPHO pacrnpeneneHHblX Ha nHTtepsasne [0,
1] HCEBAOCﬂyanIHbIX yucen.

N3 paBHOMEpHO pacrnpefiesieHHON Noc/efoBaTeIbHOCTM NOMyYaloT Noc/AeAoBaTeNbHOCTb
nceBAOC/TyYanHbIX YACEN C 3aAaHHbIM 3aKOHOM pacrnpeaeneHns B 3alaHHOM UHTepBane.

PaBHOMEPHbIM Ha3bIBAETCSA TaKoe pacnpefesieHne, Npyu KOTOPOM Ka)0€e BO3MOXHOoe
cny4YaliHoe YMc/io paBHOBEPOSTHO. O6bIYHO, ecnin crneumanbHO He OroBOPEH 3aKOH
pacnpeaeneHuns ciydamHblx YMCes, TO MMelT B BUAY paBHOMEpPHOe pacrnpeaeneHue.

CyLWHOCTb anropuTMmMYEeCcKnx MeToAoB NosyvyeHus paBHOMepPHO pacnpeaesnieHHbIX
nceeBaoCNy4YamHbIX YNCeN 3aK/I0YaAETCa B TOM, YTO NCeBAOCYyYalHble Yncna Nony4arT C
MOMOLLbIO HEKOTOPOW peKyppeHTHOM PopMynbl xi.1 = £ (xi),



rae Kaxaoe cneaytoulee (i+1) -e 3HadeHue obpasyeTtcs 13 npeablaywero (Uam rpynnol
npeabliayLwmx) NyTemM NpMMeHeHUss HEKOTOPOro asropMTMa, CoaepIKallero 1ormyeckme m
apudmMeTnyeckne onepauun.

N3BeCcTHO 60/bLLOE KOIMYECTBO MMUTALMN PAaBHOMEPHOrO pacnpeaeneHus (MeToabl BbIYETOB,
CYMMWpPOBaHUS, yceuyeHus, nepeMewwnsaHus). O6WmnMmMmM ana Bcex aTUX METOAOB SIBNSIKOTCS
TpeboBaHus:

1. KonuyectBo onepaumii ans nonyvyeHms Kaxaoro nceBaocy4yaHoro Yymcia AomKHO
6bITb MUHMMASbHbIM;

2. CnyyvaliHble Yyncna reHepupyoTcs Kak MOXXHO MEHEE KOPPENMPOBaHHbIMU, @ NX
pacnpeaeneHne - 6IM3KNUM K paBHOMEPHOMY

MeTtog cepeanHbl KBagpara

MepBbIM anropuTMMYECKUIA METOA NONYYEHUS paBHOMEPHO pacnpefeneHHbIX
nceeaoCnyYanmHbIX yncen npeanoxun O)xoH ¢goH HenmaH (oaMH M3 OCHOBOMOJIOXHUKOB
KnbepHeTukn). Metog rosyuynsi Ha3BaHne "MeToq cepeanHbsl KBagparta'" .

CyTb MeToAa: npeabiayliee ciy4vyaliHoe YMCc/io BO3BOAUTCS B KBaApaT, a 3aTeM M3 pe3yfbTaTa
N3BNEKalTCs cpeaHne umdpbl.

Hanpumep:

myeTsh rp = 0.2061, Torma r3 = 0.04]2477|21;
r, = 0.2477, 22 = 0.06]1355|29;
r, = 0.1355, 72 = 0.01|8360|25

nT.A.

Kak BMAHO MeTOA cepeaunHbl KBagpara [OBOSIbHO XOPOLWO AO/IXKEH "nepemewnsaTtb”
npeabiayuiee uncno. OgHako OH MMEET HeaoCTaTKM:

1. Ecnm kakon-HMbyab YneH nocrienoBaTeNbHOCTU OKAXETCS paBHbIM HYJIHO, TO BCE
nocneayowme YaeHbl Takxe 6yayT HYNsIMU.

2. lNocnepoBaTenbHOCTU UMEKOT TEHAEHUMIO "3aunknmBaTbcsa”, T. €. B KOHLIE KOHL,0B,
06bpasyloT UMK, KOTopbIr noBTOpsieTcss 6eckoHeyHoe YnCcio pas.

CeolcTBO "3aumnknnBaTbCa" NpucyLle BCeM NocienoBaTelbHOCTAM, NOCTPOEHHbIX NO
PEKYPPEHTHON POpMyNe xii=Ff (x;).

MoBTOPAKOWNNACA LMK Ha3blBaeTCA NepmoaoM. [JnmMHa nepuoaa y pasindHbiX
nocnegoBaTenbHOCTen pa3sHas. Yem 6onblue, Tem nydile.

JIMHEUHbIN KOHMPYSHTHbIM METOA

Haunyuwmne 13 n3BecTHblX CErogHa METOA0B UMUTALUM CAYYaNHbIX YMCen NpeacTaBisaoT
coboli yacTHble cnyyanm cxeMbl, npeanoxeHHole B 1948 roay A.X.Jlemepom.

CyTb MeToaa: Bbibnpaem yeTbipe "Marmdyeckmx umcna":

rg = 0:

T'0 - HayanbHOE 3HauveHue,

a =0

&t — MHOXWUTENb, = =



0:

€ - npupawenve, © =

M - mogynp, Mt L0, T2 @y 1T 2 C.

Toraa nckomas nocnefoBaTeNbHOCTb CﬂyanIHbIX ypucen nony4vyaertca n3 COOTHOWEHUA:

Ti41 = (az; + c)Mod(m),n > 0, (7.1)

T. €. KaXA0e criy4yaliHoe YMCcno — 3TO OCTaTOK, MpU AENEeHUN (ax;+c) Ha m (onepauuns Mod -
"onpenenernne octatka", TepMUH B34T OT csioBa "modulo” - B nepeBoae "octaTtok").

MNMocnenoBaTeNbHOCTb, MOMyYEHHAsa U3 COOTHOWEHMS (7.1) Ha3biBaeTCsA JIMHENHOM
KOHIPY3HTHOW NMoCneAo0BaTeIbHOCTbHO.

Mpumep: xo = a = ¢c = 7, m = 10.
Toraga nocnepoBaTesibHOCTb UMeeT BuA: 7, 6, 9, 0, 7, 6, 9, 0,..

Kak BMAHO, Npu Bbi6paHHbIX 3HAYEHMNAX "Marnyeckmx ymcen" nocnenoBaTesibHOCTb MOYTH
cpasy "sauuknunacb", AnvHa nepuoja = 4.

N3 aTOro npuMepa BMAHO, YTO "Marnyeckme ymcna" Henb3s BbiIbGMpaTb NPOU3BOJILHO.
NMpoBeaeHO MHOMO UCCNef0BaHUN U AOKa3aHO TeOpeEM Mo BOMPoOCy "Kak npaBuibHO
BblbupaTb" "Marmyeckune uncna".

MeToa NosyyYeHUs CiydanHbIX Yncen npun c=0 Ha3blBaeTCs "MyNbTUMJIMKATUBHbIN
KOHFPY3HTHbI MeToa", npu © 7 0. "CMeLlaHHbIN KOHIPY3HTHbINM MeToa". Mpun c=0,
BblpaboTka nocnenoBaTeNbHOCTEN NpoONCXoamT BbiCTpee, HO NPU 3TOM YMEHbLUAETCS AJIMHA

nepuoaa nocneanoBsarten bHOCTEN.

MepBoHayanbHO B MeToAe JleMepa 6bi/10 NPUHATO c=0. Maesa nonyvyeHus 6onee ANUHHbIX

nocnenosaTenbHocTelt 3a cyet © 7 0 npuHaanexuTt TOMMNCOHY M He3aBUCMMO PoTeH6epry.

Boibop moayna m. Ans nonydeHuns ANMHHbBIX NOCNeAoBaTeNbHOCTEN U ANS YBENNYEHNS
CKOPOCTW BbIYMCIIEHUS PpEKOMEHAYETCA M BblbMPaTb paBHbIM pa3Mepy MalWHHOMO C/0Ba.
Ons 32% pa3psaHOro MalMHHOIO c/loBa m = 231=2147483648, (NeBblA Hy/1eBOM 6UT crioBa
OTBeAEH noj 3Hak ymcna).

lMpn 2TOM B 32* pa3psaHOM MalUMHHOM C/10BE, MaKCUMasibHOE Liesioe Yncnio, pasMellaruiee B

L 93l _ 9 _ 914~ P —
MaLUMHHOM C/IOBE, pPaBHO % — & 1 = 2147483647 . ..

Torga M =« +1

3HauyeHne MHOXUTENS TakXe BUgeT Ha ANMHY nepuoja nocnegosaTenbHocTen. Mo 3TOMY
BOMPOCY TaKXe npoBegeHO MHOIo nccrnenoBaHUn.

JIMHElHble KOHIPY3HTHbIE NoC/e0BaTeIbHOCTU — HE eAUHCTBEHHbIN U3 NpeanoXeHHbIX
WCTOYHWKOB CAy4YalHbIX Yncen. Ero moxHo 0606wnTb, NnpespaTtns ero, HanpuMep, B
KBaApPaTU4HbIN KOHIPY3HTHbLIN MeTon

Tiy1 = If_d.r% 4+ a-Xn 4 c)Mod(m).



N3BecTeH KBaapaTUUHbIM MeToA, NpeasioxXeHHbI P. KoBato:
Ii+l — T4 (If -|— l)ﬂfod(f).

N3BecTeH MeToA NONyvYeHUs cnydalHblX YnMCen, rae peanusyeTcs nocsienoBaTenbHOCTb
dnboHauuu:

Iitl — (If -I— If_l)ﬂfﬂd(m).

MN3BecTeH TakXe MeTon nony4yeHuns CﬂyanIHbIX yucen, I'Ipeﬂ,J'IO)KeHHbIl;'I rpVIHOM:
Ii+l — (If -I— IT'_,E;)ﬂfG'd(m),

rae k- 6osnblioe yncno.

NmeloTcs ewe, Tak Ha3biBaeMble, agaUTUBHbIE METOAbI, rAe He TpebyloTcsa onepaumm
YMHOXEHUA N AeNeHnda, U Apyrme Mmetoabl.



8. Jlekuua: l’eHepupoBaHue Ha DBM nocsegoBaTteslbHOCTEA pAaBHOMEPHO
pacnpeaesieHHbIX ClyyalHbIX Yyucen. MogenmpoBaHue HOpMaJsibHO
pacnpeneneHHomn cjly4yaHOW BeJSIMUUHDI

B cTaHgapTHOM MaTeMaTU4eCcKoM M NpOorpaMMHOM obecrneyeHmnn pasnnyHbiX THNos 3BM
MMelTCs CreumasnbHble npoueaypbl U NoAnporpamMmMbl ANg reHepayumn pasHOMEPHO
pacrnpeseneHHbIX Nocae40BaTe/IbHOCTEN 1CEBAOC/TYHYaNHbIX YNCEN.

B HacTosiLee BpeMsi BCe A3bIKW BbICOKOIO YPOBHS MMEKT NMPOrpaMMHbie FreHepaTopbl
paBHOMEPHO pacnpeAeneHHbiX Noc/e0BaTeNbHOCTEN NceBAoCyYalHbIX uncen. Nx
Ha3bIBAKOT AaTYMKaMU ClydalHbIX Yncen. JaTynkm ciydamHblX YMCen, Kak NpaBuio NMET
MMeHa: RAN, RAND, RANDU, RND, RANDOM, RANDOMIZE W T.A. DTWU UMEHa NOJyYeHbl OT
aHINMIACKOro crioBa random, o3HavarLLEero cay4yarHblin unun BbibpaHHbIN Hayrag. lMoaTomy
OATUYMKKM CrTyYalHbIX YMCEN MHOrAa HasbiBAlOT paHAOMM3aTOpaMu.

JaTunkun cny4damnmHbix Ymcesn 0bbl4HO reHepupyroT NoCIe40BaTebHOCTb AENCTBUTENbHbIX
yucen Un, paBHOMEPHO pacnpefeneHHblIX Mexay HyfneM U eauHuLen, T.e.
rnocnefoBaTeNbHOCTb CNy4daliHbiX apoben B nHTepBane [0, 1]. Ho BHayane gatumku
reHepupyT NOCNeA0BaTEbHOCTb LefblX CyYarHbIX Yncen x; B MHTEpBane oT Hyn9 40 m,
rae m — pasmep MawuHHOro cnosa (Ha eanHuuy 6onblue MakCMMasbHOMo Lesoro ymcna,
pasMeLllatrollerocs B MallMHHOM C/I0BE).

Kak y>xe rosopunocb, ansa 32-x pas3psaHOro MallMHHOIo CnoBa:

m = 231 = 2147483648;

1/m = 0.4656613 E-9.

MpuBenem AaTuMK paBHOMEPHO pacrnpeneneHHbIX cnyvyanHolx yncen RANDU.

ITOT AaTUMK creumnanbHO NpeagHasHaveH ans cucremol IBM mn obpasyeT 22° 3HadeHun nepes
Ha4yasioM MOBTOPEHUN, T.e. ANMHA UMKa paBHa 22¢ (npu 32-xX pa3psi4HOM MalWHHOM C/I0BE).
ANropuTM gaTumka peanmlyeT MeTo4 ocTaTka cTteneHen (puc. 8.1).

Ha3HayeHne gaTumKa RANDU:

BbluncneHne paBHOMEPHO pacnpeAeneHHbIX CydaiHbiX 4eACTBUTENbHbIX YMCEN YF B
nHTepBane [0,1] U CNyYalHbIX LEenbIX Yncen IY B MHTepBane [0, 23']. B kauecTse Bxoaa
CNYXWUT Lesioe c/lyyaiHoe Yncno IX, Ha Bbixode 0b6pasyeTcs HOBOE LIESI0e YMC/IOo IY U
BELLUECTBEHHOE YF.

O6palleHne K AaTUUKY:

RANDU (IX,IY,YF).

OnucaHne napaMeTpoB:

IX — NPV NepBoM 06palleHUn — HeYeTHOe LiesIoe YNCIO C YACIOM Undp — 9.

Mocne nepBoro obpalieHnsa IX=1Y, rae IY — Lenoe YMCNOo, BbluMCIIEHHOE NpyY NpeablayLeM
obpalieHnn.

1Y — NOJIy4YEHHOE B PE3YNbTATE Liefoe CiyyailiHoe Yncno, TpebyeMoe npu nocieayroLmx
obpallleHnax. IY HaXoAMTCA B MHTepBane [0, 23],
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YF- MOJIy4YeHHOE B pe3y/ibTaTe PaBHOMEPHO pacrnpeaefnieHHoe AeNCTBUTEIbHOE YMCNOo B
wHTepBane [0, 1], NpeacTaBieHHoe B hopMe C NnaBaloLweit 3ansaTou.

[ RANDT (IX,IY, TF) l
|
[Y=I05539 |

| T¥=TT*2 1474536741 |

=TT

TF=YFH 46566 13E09 |

Broionm

Puc. 8.1. Anroput™m gatumka RANDU

Ncnonb3ysa AaTyMK RANDU, MOCTPOUM anropmuTM BbIYUCIEHUS NOC/IEA0BATENBHOCTH
paBHOMEPHO pacnpefeseHHbIX Cly4YaiHbiX YMcen n ee nedvatb (puc. 8.2).

Hamam

=1H >—[ P

|
| |R_AI-IDT.T|:I}LIY,YFJ | |

IE=IT

Puc. 8.2.

ANrOpPUTM BbIYUCIIEHUS MOCEA0BaTENbHOCTU PaBHOMEPHO pachnpefeneHHbIX ClydalrHbIX
yucern.

NcxogHble AaHHbIE:

N - AfIMHA NocneaoBaTebHOCTU (KOIMYECTBO UCMbITaHUi).

IX - HaYaNbHOE 3HaYeHNe, HeYeTHoe Lenoe YMCno C YMCnoM undp <9.
Hanpumep: 1x = 1234567.

PasnnyHble HayanbHble 3HaYEeHUs NapaMeTpa IX NO3BONSOT (GOPMUMPOBATL pas/iMyHble
nocnenoBaTeNbHOCTU PaBHOMEPHO pacnpeaeneHHbIX NCeBA0CyYanHbIX Ymcen.

[ns reHepnpoBaHWUs paBHOMEPHO pacnpefeneHHbIX CyYaliHblX YMcen Ha
oTpe3ke [0, 1] UCMNONb3yeTca oTaeneHne Apo6HOM YacTh OT CIOXHOI0 apudMeTUYecKoro
BbIPAXXEHMSA, COAEPXKAaLLEro NpeallecTByIoLWEee YMCO.

Vis1 =FRAC (k V3)


http://localhost:3232/department/calculate/intromathmodel/8/intromathmodel_8.html#image.8.2

FRAC — ornepaTtop BblgeneHus apobHon yactu,
Vi - NpeaLlwecTBylolee cay4vyanHoe ymcno,

Vi - Nocnepytowlee cryvyanHoe 4ncno,

t - HEYeTHOoEe uesnioe 4ncno.

3aAaHune pasnyHbIX HavanbHbIX 3HAYEHWUI vV, N03BONSEeT OPMMPOBaTL pas/iMyHble
nocneaoBaTeNlbHOCTU C/yYaliHbIX Yncen.

Konunuyectso CﬂyanIHbIX ymncen B 0oL4HOM nepmoae OT HECKOJIbKUX TbICAY A0 COTEH TbICAY.

Ona nepesosa paBHOMEPHO pacnpenesieHHbIX CﬂyanIHbIX ymncen mn3 oTpeska [0,1] B
OTpe30K [a,b] MOXHO UCMO/1b30BaTb:

xi+1= a + (b-a) Vi,

3agavy MoAeNnnpoBaHMs CydaiiHbiX BEIMYMH C HOPMasibHbIM 3aKOHOM pacnpeaeneHus
peLatwT B HECKOJIbKO 3TanoB:

1. BHa4yane MMUTUPYIOT paBHOMEPHOE pacrnpeaesieHne 1 nosydarT NocneaoBaTebHOCTb
nceBaoCyYalHbIX Yncen, paBHOMEPHO pacrnpenefieHHbIX Ha UHTepBane [0,1].

2. 3aTeM, Ucnosb3ys paBHOMEPHO pacrpefesieHHY0 NCeBAOCYYaNHY0 BEMNYMHY,
nony4yaroT Noc/eloBaTeNbHOCTb NCEBAOCTYYANHbIX YMCEN C HOPMalbHbIM 3aKOHOM

pacnpegenenuns (4awe BCEro B HOPMMPOBAHHOM Buae, T.e. M(X) = 0. 0 = 1).

MycTb Y — paBHOMEPHO pacnpeaeneHHasl clydaHas BenmMymMHa Ha uHTepsane, [0,1].
HeobxoaAnMO NoNyUYUTb CyYaliHyto BeNMUYMHY X C HOPMasibHbIM 3aKOHOM pacrnpeaeneHus.

PasnuuatoT TpU OCHOBHbIX criocoba hopMmnpoBaHMUS NOCNeA0BaTE/IbHOCTM HOPMalibHO
pacnpeneneHHbIX clydarHblIX BEUYNH:

1. Mpsamoe npeobpasoBaHue NCeBAOCYyHYaNHOro Yncna y SBNsatoWerocs peanmsaunen
C/ly4YalHOM BeNU4YUHbI Y, paBHOMEPHO pacnpeienieHHoW Ha uHTepeane (0,11, C
MOMOLLbIO HEKOTOPOM DYHKUMN W B YNC/I0 x, KOTOPOE MOXET paccMaTpuBaTbCs Kak
peanu3aums CyyamHoOM BENMMYMUHBI X, UMEKOLWEN HOpMalibHbIN 3aKOH pacnpeaeneHus.

2. OTceuBaHue nceBAOCyYaANHbIX YMCEN U3 NepBOHaYasbHOM
nocnenoBaTe/IbHOCTU Y paBHOMEPHO pacrnpefeneHHON Ha uHtepsane [0, 1], Takum
obpasomM, yTobbl ocTaswmecs Yymcna 6bian pacnpeneneHsbl N0 HOPMasibHOMY 3aKOHY.

3. MogenuposaHue ycnoBuin, COOTBETCTBYIOLWMX LLeHTpanbHON npeaesbHON Teopeme
TeopuKn BEPOSTHOCTMU.

PaccMOTpUM HEKOTOpble METOAbl MOAENNPOBAHMUS HOPMabHO pacnpefesieHHOoM CyYaiHoMi
BE/IMYMHBbI.

MeToa nossipHbIX KOOPAMHAT OTHOCUTCS K MEepBOMY Crocoby nony4vyeHus
nocnefoBaTeIbHOCTU NCEBAOCYYaNHbIX YNCEN C HOPMasibHbIM 3aKOHOM pacrnpeaeneHus.
MeToA BbIYMCNSIET ABE HE3AaBMCUMbIE HOPMaslbHO pacnpeaeneHHble cydaiiHble
BE/IMUMHbI %1 1 x, CO CPeAHUM 3HAYEHMEM, PaBHbIM HYMIO, U CpeaHEeKBaAPaTUYHbIM
OTK/IOHEHWEM, pPaBHbIM eAnHNLE, MO ABYM 3a4aHHbIM HE3AaBUCUMbIM PAaBHOMEPHO
pacnpefeneHHbIM cyYyalHbIM YUCHaM yi u yo.

Anroputm MeToaa:



1. BbipaboTaTb ABa HE3ABUCUMbIX CyUYaWHbIX YnCAa y: U vy, paBHOMEPHO
pacnpegesieHHbIX B MHTepBane [0,1].
2. YCTaHOBWUTb:

|
B B

Vo =

Tenepb BENNUYUHBI Vi 1 V, paBHOMEPHO pacnpeaeneHbl B MHTepBane [-1;+1] U UX yAO6HO
npeactaBuTb B opMe C NniaBatLLen 3ansaTon.

1. YcTtaHOBUTbL:
- ) ]
S=V2+V;
2. MpoBepuTtb ycnosue: Sz1 Ecnn "ga ", To Heob6xoanMo BepHyTbCS K wary 1. Ecnn

"HeT", TO NepexoanM K wary 3.
3. BbluncngaeM x; n xs:

i [—2-InS
r1 =1 - \ — (8.1)
. [=2.InS
ra = Vo \ EEE——
4, ' 2

5. TMony4yeHHble BENNYNHDI x; N x, — 3TO TPebyloLlmnecs 3HaYeHNss HOpMasbHO
pacrnpeaeneHHbiX CnyYanHbIX BeIMYMH CO CPeAHMM 3HAUEHUEM paBHbIM HYJI0, U

CpeAHeKBagpaTUYHbIM OTKIOHEHNeM T = I
6. Mpwu apyrux 3HavyeHusax cpegHero &t 1 cpegHeKBagpaTUYHOro OTKNIoOHeHUs & aenaem

nepecyer:
r=a+r;- -a.

MeToa nonsipHbIX KOOPAUHAT NErko [oKa3aTb, BOCMOJb30BaBLMCh aHaIUTUYECKOW
reoMeTpuelt. PaccMOTPUM MIOCKOCTb, ONpeaeneHHYI0 A4eKapToBbIMU KOOPAVHATAMU Vi u V.
C NoMoLLbio Waroe 1 1 2 MeToAa Mbl MOSlyYaeM Ha MOCKOCTU PaBHOMEPHO pacrpefefieHHble
CNyyYaiiHble TOUKM C [AeKapTOBbIMU KOOPAMHATAMU (V1,V2) U MOMASPHLIMY

KOOpAMHATaMM V1= H cost, V2 = R -sind, roer2=s. [lanee, C NoMoLblo Wwaros 3 v 4
MeToada, Mbl N3 3TUX CJ‘IyLIa|7|Hb|X TOYEK OCTaB/IAEM TOJIbKO TE€ TOYKUN, KOTOPblIE HAaXo4ATCA
BHYTPY €AMHUYHOIO Kpyra.

T




Mpw 3TOM nonagaHne ToYek BHYTPb €AMHUYHOIO Kpyra NoAuYMHAETCS 3aKOHY HOpMasibHOro
pacrnpeaeneHns co CpeiHMM 3HaYEHNEM PABHbIM HYJIHO, U CpeHEKBAAPaTUUYHbIM
OTK/TOHEHMEM paBHbIM eauHULE.

Mepexoas K NoAsipHbIM KOOPAMHATaM TOYEK, KOTOpble paBHOMEPHO pacnpeneneHbl BHYTpu
€AVUHUYHOro Kpyra MMeeM

71 = V=2 - Tny: -cos(27 - 1),
U T 2 ). &2
1y = /=2 -Iny; - cos(27 - uy).

MeToA, OCHOBAHHbIA Ha LIEeHTPaJibHOM nNpeaeNnibHON TeopeMe

STOT METoA MOAENIMPOBAHUSA OTHOCUTCSA K TPETbeMY Crocoby nonyyeHus
nocneaoBaTeNlbHOCTU YMCeNT C HOPMasibHbIM 3aKOHOM pacrnpefiefieHns. MeTosl OCHOBaH Ha
NPUGINXEHHOM BOCMPOM3BOACTBE YC/TOBUIA, MPU KOTOPbIX CNpaBeAsnBa LeHTpasibHas
npenenbHas TeopeMa TEOPUN BEPOATHOCTMU.

CornacHo ueHTpanbHoOM npenenbLHoOn TeopeMe, Npu CAoXKEeHNU A0CTAaTOYHO 60/bLIOro
He3aBUCUMbIX CTyYaMHbIX BEIMYMH C MPOM3BOJIbHbIM 3aKOHOM pacnpefesieHns noay4vaercs
c/lyyaliHas Be/IYMHa, pacnpegeneHHas no HopManbHOMY 3akoHy. OnbIT NOKa3sbiBaeT, YTo
Mpu CNOXEHUN BCEro LWeCTU (k=6) CAy4YalHbIX BEIMYMH paBHOMEPHO pacnpeneneHHblX Ha
WHTepBane [0, 1], Nofy4YaeTcs c/ayyanHas Be/InYMHa, KOoTopas C TOYHOCTbIO, AOCTAaTO4YHOM
Ans 60nblIMHCTBA NPUKNAAHbIX 3a4a4, MOXeET CYHMTaTbCst HOPMaJsibHOWN.

PaccMOTpUM MeToA anmnpoKCMMaunm HopManbHO pacnpeaeneHHOon ClyYalnHoN BeNNUUNHDI X,
OCHOBaHHbIl Ha UCMO/Ib30BaHUM ABeHaAUATU (k=12) PaBHOMEPHO pacnpeneseHHbIX

cnyanHux BENMNYUH.

ANroput™M MeToaa:

=

Cnoxuntb 12 paBHOMEPHO pacnpeaesnieHHbIX NCEBAOCAYYANHbIX Yncen vy;.
2. TlpoHOpMMpPOBaTb MONYYEHHYIO CYMMY, T.€. NOAYYUTb CAYYaNHYIO
BENIMUYMHY T CM(T)=0 n T = 1, rae T — HoOpManbHO pacrnpeneneHHas ciy4vanHas
BeNUYNHaA.
3. Pe3ynbTaT NpMBECTU B COOTBETCTBME C 3a4aHHbIM MaTeMaTU4YeCKMM OXUAAHMEM U
cpegHeKkBaApaTUYHbIM OTK/IOHEeHueM & .

HopManbHO pacnpeaeneHHas cny4yamHas BenmymHa X ¢ TpebyeMbiMM 3Ha4YeHUsSIMU
MaTEMATUUECKOro OXWAaHUsa 1 cpegHeKBaApaTUYHOro oTkNoHeHns & onpepenseTcs Kak:

r=c-1+a.
MycTb

12

1=n
rae y: — HesaBUCUMble paBHOMEPHO pacrnpeaesieHHble Ha uHTepBane [0, 1] ciy4daliHble
BEJIMYUHDbI.

PaHee 6bi110 MOKa3aHoO, YTO MaTeMaTUYECKOEe OXMAaHMe U gucnepcmns paBHOMEpHO
pacnpegesneHHOM Ha uHTepBane [0, 1] CNy4YarHOW BEIMYUHBLI Y COOTBETCTBEHHO paBHbI:



M(Y)=

Toraa MatemMaTuyeckoe oXuaaHue CyMMbl Z paBHO:

1z

| | 1
M(Z)=) M(Y) =12 =6.
i=1 -
a ee gucnepcus D (Z) paBHa:
12 1
D(Z)=0¢2=) DY)=12-=1.
v - A v 2

i=1
MpoHOpMUPYEM CYyMMY Z, T.e. nepeiiieM OT Hee K BeSIMUMHeE:
T = [‘_E 1[[(2'”{& = frf — ﬁJ,Il = Z-f.

Mepexoas K TpebyeMbiM MaTeEMaTUUYECKOMY OXMAAHUIO a U CpeaHEKBaAPaTUYHOMY
OTKJIOHEHU0 &, OKOHYaTesNlbHO UMeeM:

r=0-TH+a=0c(Z-6)+a.

Takum obpa3oM, 4yTobbl onpeaennTb 3HaYEeHUe HOpMasibHO pacnpeaeneHHON Crly4YanHoMn
BESIMYMHbBI C MaTEMaATUUYECKUM OXWAAHWEM, PaBHbIM HY/O, U CPeAHEKBAAPATUYHbIM
OTK/IOHEHWEM, PaBHbIM eAnHuLe, HeobXxoAMMOo B3ATb 12 paBHOMEPHO pacnpefeneHHbIX
yncesn, CI0XUTb UX, @ N3 CYMMbl Bbl4YeCTb 6, T.€.:

YT106bl ONpeaennTb 3Ha4YeHne HopMasabHO pacrnpeaeneHHon Cy4YanHOW BeNUUYNHbI C
TpebyeMbiM MaTEMaTUYECKUM OXMAaHMEM a n TpebyeMbiM cpeaHeKBaapaTUYHbIM
OTK/IOHEHMeM T Heo6X0AMMO M3 CyMMbl ABEHAALATV paBHOMEPHO pacrnpeaeneHHbIX Yncen
BblUeCTb 6, a pe3ynbTaTt YMHOXUTb Ha & n npnbaBuTb a, T.e.

12
= (Z y; — 6)o + a. (8.5)

i=1

Tenepb nepengeM K reHepnpoBaHMIO NOC/ieA0BaTENbHOCTU HOPMaNbHO pachnpeneseHHbIX
CNyYaMHbIX YnCen.

PaccMoTpuM AgaTumK HOpManbHO pacrnpeneneHHbIX CﬂyanIHbIX yucen.

AnropuTtm gatumka (puc. 8.3) peanusyeTt METOA MOyHeHUs NOC/1eA0BaTE/IbHOCTEN
rceBAoCAyYakiHbIX Yucesl C HOpMasbHbIM 3aKOHOM pacripeaesieHnsi, OCHOBaHHbIA Ha
LEeHTpasibHOM NpeaesibHoN TeoOpeEME BEPOSATHOCTEN. ANropmnTtM gaTtumka Tpebyet obpalleHuns
K RANDU A5 BbIYMUC/IEHUS paBHOMEPHO pacrnpeaeneHHbIX CydYarHbIX Yncen.

Ha3HayeHMe gaTunka GAUSS:
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BbluncneHue HopManbHO pacnpeaeneHHoro HCGBAOCﬂyanIHOFO Yncna X C 3alaHHbIM
MaTeMaTU4eCKMM OXnaaHMeEM AM U CpeaHeEKBagpaTUYHbIM OTK/IOHEHUNEM S.

O6palleHne K AaTumKy: GAUSS (IX,S,AM,X),
OnuncaHne napaMeTpoB:

IX — NnapaMeTp HeobxoauMmblii ans obpalweHuns K RANDU. [pu nepsBoM obpalwieHnu, Ix -

LleNnoe YMCO C YUCIOM Lndp = 9. Nocne nepsoro obpalleHns IxX=Iy, rae IY — uenoe
paBHOMEPHO pacnpeaeseHHoe C/ly4aHoe YNCo, BbIUMCIIEHHOE C MOMOLLbI PpaBHOMEPHO
pacnpefeneHHbIX Cny4YyaiHbiX YMCen RANDU.

S — TpebyemMoe cpefHeKkBaApaTUYHOE OTK/IOHEHME HOPMalbHOro pacrnpeaeneHms.
AM - Tpebyemoe MaTeMaTM4ecKkoe OXnaaHMe HOPManbHOro pacnpeaeneHums.

X — 3HAY€HUE BbIUNC/IEHHOW HOPMasibHO pacnpenesneHHON CYYanHOMN BENNUYNHBI.
TpebyeMble noanporpamMmsl:

RANDU — AaTYMK paBHOMEPHO pacnpeaeneHHbIX CllyYahHbIX YNCES.

O6palueHne K RANDU:

RANDU (IX,IY,YF),

roe

YF — NOAy4YeHHoe B pe3ynbTaTe obpalleHnsa cnydyanHoe paBHOMEpHO pacrnpeneseHHoe YNCIo
B MHTepBane [0,1] n npeactaBieHHoe B (popMe C niasatoLlen 3ansaTon.

GATSS (1Z,5,4MX)

|
Z=0

I=1,12

RANDIIZIY,YF)

IZ=IY

Z=Z+YTF

|
T=(Z —6.0/*S+AM

.

Puc. 8.3. Anroputm gatumka GAUSS



Ncnonb3ysa AaTuuMK GAUSS, MOCTPOUM anroput™ (puc. 8.4) BbIYMCNEHUS NOCEA0BaTENbHOCTH
HOPMabHO pacnpefeseHHbIX Cly4YalHbIX YMcen X ¢ TpebyeMbiM MaTeMaTUYECKUM
OXWIAAHWEM AM U CpeAHEeKBaApPaTUYHbIM OTK/IOHEHMEM S.

Hamam

wxsam
=14 >—[ Homex
|

| |G£LUSS(IX,S,AM,X] | |

]

Puc. 8.4. AnropuTtM BblUYUCEHUSA MOCNeA0BATENBHOCTU HOPMAsibHO pacnpeaesieHHbIX
C/lYYalHbIX Yncen

McxoaHble gaHHble:

N - AJIMHa nocneaoBaTeNlbHOCTM HOpMasibHO pacnpeaeneHHbiX Yncen (KonmyecTtso
WUCMbITAHUR).

IX - HayanbHOe 3HaYeHne, HeYeTHOE LIeSI0e YMCIO C YUMCIOM Lndp — 9.
Hanpumep .

S, AM - XapaKTepUCTUKN HOPMaJibHOro pacnpefeneHuns: cpelHeEKBaApaTUUHOE OTK/IOHEHUE
N MaTEMaTUYECKOE OXMAaHUE.

PesynbTaT:
X — 3Ha4YeHMe HOpManbHOro pacnpeaeneHns NceBaoCcy4anHoro Yncna.

Mcnonb3ys pasnunyHble HavaslbHble 3HaYeHMsa napaMeTpa IX, MOXHO hOpMMpPOBaTh
pasnnuHble NoCNeA0BaTENbHOCTM HOPMaNbHOIO pacrnpeaeneHHbIX NCeBAoCyUYanHbIX YMCEN.
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